COHOMOLOGY OF LIE SUPERALGEBRAS sL|„ AND osp 



YUCAI SU AND R. B. ZHANG 

Abstract. We explicitly compute the first and second cohomology groups of the 
classical Lie superalgebras slm\n a-nd 0Bp2|2n with coefficients in the finite dimensional 
irreducible modules and the Kac modules. We also show that the second cohomol- 
ogy groups of these Lie superalgebras with coefficients in the respective universal 
enveloping algebras (under the adjoint action) vanish. The latter result in particular 
implies that the universal enveloping algebras U(s[„|„) and U(osp2|2n) do not admit 
any non-trivial formal deformations of Gerstenhaber type. 
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1. Introduction 

We investigate the Lie superalgebra cohomology of the type I basic classical Lie 
superalgebras [7j, namely, the special linear superalgebra sl^in, and the orthosymm- 
plectic superalgebra osp2|2n- Lie superalgebra cohomology was extensively studied by 
Fuks, Leites jSj, and others (see |2] for a review). For any basic classical simple Lie 
superalgebra g, the cohomolgy groups -ff*(g, V) were computed 0121 for all i when the 
coefficient module V isV, (even though relatively little seems to be known about these 
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cohomolgy groups when the coefficient module is non-trivial). Variations of these coho- 
molgy groups, especially the relative cohomology groups and the cohomology groups of 
odd nilpotent subalgebras, have also been studied in depth because of their importance 
in the contexts of the Bott-Borel-Weil theory and the Kazhdan-Lusztig theory for 
Lie supergroups [121 C] • 

A motivation of this investigation and earlier work of one of us with Scheunert ITT] 
comes from the theory of quantum supergroups fn\ , the foundation of which 

lies in the deformation theory p| of universal enveloping algebras of Lie super algebras. 
Recall that the formal deformations of an associative algebra is classified by the sec- 
ond Hochschild cohomology group with coefficients in the algebra itself (regarded as a 
bi-module) jl]. In the case of the universal enveloping algebra of a Lie superalgebra, 
this Hochschild cohomology group can be shown to be isomorphic to the second Lie 
superalgebra cohomology group with coefficient module being the universal enveloping 
algebra under the adjoint action of the Lie superalgebra. Similarly, the first Lie super- 
algebra cohomology group with coefficients in the universal enveloping algebra controls 
the deformations of the co-algebra structure of the universal enveloping algebra. 

One result of the present paper is Theorem 17.11 and ()8.5|) of Theorem 18.11 which 
states that for g being slm\n or osp2|2n! H^{Q,\]{g)) ^ 0, but if^(g, U(0)) = 0. The 
vanishing of the second cohomology group implies that \J{slm\n) and U(osp2|2n) are 
rigid in the sense of j3]. Therefore, the Drinfeld versions of the quantized universal 
enveloping algebras of slm\n and osp2|2n defined with any choice of Borel subalgebras 
are isomorphic to the universal enveloping algebras themselves over the power series 
ring. (This was proved for the special case of slm\i in JTj.) Also if^(g,U(g)) 7^ 
implies that the co-algebra structure of U(g) admits non-trivial deformations, a fact 
which is known from specific examples. 

Another main result of this paper is the computation of the ffist and second Lie 
superalgebra cohomology groups of slm\n and osp2|2n with coefficients in the finite 
dimensional Kac modules and the finite dimensional irreducible modules, which is 
summarized in Theorems 13. H 14.11 15.41 16.181 and 18.11 This result is of intrinsic interest 
to the understanding of extensions of modules of these Lie super algebras, and also 
extensions of the Lie superalgebras themselves. As a matter of fact, in his foundational 
paper jTj on the theory of Lie superalgebras, Kac posed the problem of determining 
the ffist cohomology groups of basic classical simple Lie superalgebras with coefficients 
in the finite dimensional irreducible modules (see also jHlE])- Part of the paper solves 
the problem for the Lie superalgebras slm\n and osp2|2n- As we have alluded to earlier, 
when the coefficient module V is not C, little seems to be known about the cohomolgy 
groups H^{g,V) for the basic classical Lie superalgebras; the main results (Theorems 
13.11 14.11 15.41 16.181 17.11 and 18. 1|) of the present paper appear to be new. 

The computations of the cohomology groups are carried out in this paper at an el- 
ementary level by exploring long exact sequences of cohomology groups arising from 
short exact sequences of modules, and also by using some elements of the Hochschild 
spectral sequence associated with the maximal even subalgebras of the Lie superalge- 
bras. The computations also rely heavily on detailed knowledge on structures of Kac 
modules. We may mention that the analysis of structures of Kac modules is a technical 
and difficult problem. This renders Subsection 16.21 rather technical. 

The organization of the paper is as follows. Sections |2 to [7| treat the Lie superalgebra 
cohomology groups of the special linear superalgebra in detail. Section |21 provides 
some necessary background material on slm\n- Sections El and El respectively present 
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the computations of the first and second cohomology groups of slm\n with coefficients 
in finite dimensional Kac modules. Section El is devoted to the computation of the first 
cohomology groups of slm\n with coefficients in finite dimensional irreducible modules, 
where we make use of the concepts of atypicality matrices, northeast chains (NE) of a 
weight, and n-, q-, c-relationships of atypical roots, which are all explained in Appendix 
1X1 In Sectioniniwe calculate the second cohomology groups of slm\n with coefficients in 
finite dimensional irreducible modules. This section is divided into three subsections. 
Subsection 16.11 introduces the notion of primitive weight graphs, which is very useful 
for studying the structure of indecomposable 3 [m|n- modules such as Kac modules. In 
Subsection 16.21 we analyse structures of some Kac modules of slm\n and establish a 
series of technical lemmas needed for proving the main result on the second cohomology 
groups of slm\n with coefficients in finite dimensional irreducible modules. Subsection 
16. 31 proves the main result of Section IHl Section 13 treats the second cohomology groups 
of slm\n with coefficients in the universal enveloping algebra. Finally, in Section ISl we 
present the results on the cohomology groups of osp2[2n) while omitting most of the 
technical details. 



2. Preliminaries on the special linear superalgebra 

2.1. The special linear superalgebra. We present some background material on the 
special linear superalgebra here and refer to [71 El QH] for more details. For general 
notions of graded vector spaces and graded algebraic structures we refer to the classic 
paper by Milnor and Moore. 

We shall work over the complex number field C throughout the paper. Given a 
Z2-graded vector space W = Wq © Wi, we call and Wi the even and odd sub- 
spaces, respectively. The elements of Wq U Wi will be called homogeneous. Define 
a map [ ] : Wq U Wi — > Z2 by [w] = i if w E Wi. For any two Z2-graded vec- 
tor spaces V and W, the space of morphisms B.omc(y,W) is also Z2-graded with 
Homc(r, W)-k = Y.i+3=kimoA2) Homc(l^i, W^). We write Endc(V^) for Homc(y, V^). 

Let C™'" be the Z2-graded vector space with even subspace and odd subspace 
C". Then Endc(C™''") with the Z2-graded commutator forms the general linear su- 
peralgebra. To describe its structure, we choose a homogeneous basis {va | a G I}, for 
C™'", where I = {1, 2, . . . , m -f n}, and Va is even if a < m, and odd otherwise. The 
general hnear superalgebra relative to this basis of C™'" will be denoted by Qlrn\n- Let 
Eah be the matrix unit, namely, the (m + n) x (m + n)-matrix with all entries being 
zero except that at the (a, h) position which is 1. Then {Eab | a, & G 1} forms a homo- 
geneous basis of 0fm|n5 with Eab being even if a, 6 < m, or a, 6 > m, and odd otherwise. 
For convenience, we let Ii = {l,...,m} and I2 = {l,...,n}, where we have written 

V = V + m. Then I = Ii U I2. Define the map [ ] : I — > Z2 by [a] = | ^' H ^ ^ j^' 

Now the commutation relations of the general linear superalgebra Q\.m\n can be written 
as 

[Eab.E,,] = EadSbc-{-lf'^^^'^^^^'^-^'^^E,bSad. 

The upper triangular matrices form a Borel subalgebra B of 0tm|n5 which contains 
the Cartan subalgebra H of diagonal matrices. Let {ea | a G 1} be the basis of H* such 
that ea{Ebb) = Sab- The supertrace induces a bilinear form ( , ) : H* x H* — C on 
H* such that {ea,eb) = {—iy"'^Sab- Relative to the Borel subalgebra B, the roots of 
Qlm\n can be expressed as — Cb, a b, where — eb is even if [a] + [b] = and odd 
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otherwise. The set of the positive roots is A+ = U A^, with the set Aq of positive 
even roots and the set of the positive odd roots respectively given by 

Aq = {aij = ei- ej, a^^r, = - e,, 1 1 < i < j < m, i < z/ < 77 < n}, 
A'l = {ai^y = ei - e^\i eh, u e h}- 
We define a total order on A j'" by 

ai^i, < aj^r] u — i<rj — i 01 p — i = rj — i but i > j. (2.1) 

Then = c^m i' Q^max = C(i,h are respectively the minimal and maximal roots in Af. 

Throughout the paper, we shall denote by the special linear superalgebra slm,\n, 
which is the subalgebra of glm\n consisting of supertraceless matrices. Since slm\n is 
isomorphic to sln\m, we shall assume that 1 < n < m. We choose the Borel subalgebra 
b = 5 rig for 0, which contains the Cartan subalgebra I) = HHq. We identify the dual 
space f)* of P) with the subspace '^^b'^i^o. — ^b) of H* spanned by the roots of glm\n- 
Then the roots of q coincide with those of and relative to b, a root a is positive 

if and only if a G A+. 

The special linear superalgebra admits a Z-grading g = g-i © go © 0+1, where 
gQ = gg = si{m) © Cpi © sl{n) and pi is defined in fl2.6p . Also, g±i C gi, with 
g+i being the nilpotent subalgebra spanned by the odd positive root spaces, and g_i 
that spanned by the odd negative root spaces. A basis of g is given by 

{Eat,Eaa-i-lf^E,,\a,bel,a^b}. 

We shall denote 

Ca = Eab, fa = Eba if « = Oa.fe G A+ = A([ U Af, 

hi = Eii — /iq = Emm + -^'ii) = E^y — E^j^i^yj^i, 

for i G Ii\{m}, v G l2\{n}. 

An element in f)* is called a weight. A weight A is integral if (A, a) G Z for all roots, 
and dominant if 2(A, a) /{a, a) > for all positive even roots a of g. A weight A G f)* 
can be written in terms of e-basis 

m n 

A = (Ai, A„ I Ai, A^) = X^A^ea such that Y.^i+ Y.^u = (2.2) 

or in terms of Dynkin labels 

A = [oi, am-i] Oo! O'i-, ■■■Q'h-i\i 

where 

= Aj — Aj+i, ao = Am + A^, = Xi, — Aj^+i, 

for i G Ii\{m}, u G l2\{n}. We call Ap the p-th coordinate of A for p G I, and Op the 
p-th Dynkin label of A for p G I U {0}\{m, n}. 

The following weights will appear frequently in the remainder of the paper: 

j— 1 m—n+j j 

= (C^, J + i,CTi, 0, 1 0, o,^Tr^, -J - 1 - 




for l<'i<n, 0<j<n + l— 

I = (1, 1,0,. ..,0|0,...,0, -1,-1), r/(2) = (0, 0, -1, -1 | 1, 1, 0, 0), 



(2.4) 
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where 7]^^\ rj^'^^ can occur only when n > 2; 

^ t=l u=l 

= -(m — 1, m — 3, — m + 1 I n — 1, n — 3, — n + 1), (2.5) 

Pi = o('^Eei-"^Ee/>) = ttI?^, •••,^1 •••,-"^), (2.6) 

^ i=i i/=i 

P = Po-Pi, 

where po (resp. pi) is half the sum of positive even (resp. odd) roots. 

For every integral dominant weight A, we denote by L^^ the finite-dimensional irre- 
ducible 00-module with highest weight A. Extend it to a go © 0+i-module by putting 
Qj^iLf^ = 0. Then the Kac module Vx is the induced module 

= Ind^„e0,,4°^ = UiQ-i) ®c Lf\ (2.7) 

Denote by Lx the irreducible module with highest weight A (which is the unique irre- 
ducible quotient module of Vx) and we always fix a highest weight vector vx- 

For any finite-dimensional highest weight g-module V, we can decompose V into a 
direct sum of go-submodules with respect to its level (an element x G g is said to have 
level i if a; G gi for i = — 1, 0, 1, this defines a level structure on V): 

V = (2.8) 

eez 

Set 

top = max{£ eZ\V^ ^0}, bottom = mm{i eZ\V^ ^0}. 

When it is necessary to indicate the module V, we denote them by top (V) and 
bottom {V). Then top — bottom < mn. In most cases, we shall specify the highest 
weight vector vx to have level zero, then top = 0. But in some cases, we shall shift 
level so that a vector with weight has level 0. 

2.2. Lie superalgebra cohomology. In this subsection we explain some basic con- 
cepts of Lie superalgebra cohomology. The material can be found in many sources, 
say, jnj. For p > 1 and a finite-dimensional g-module V, let C^{q,V) (the set of 
p-cochains) be the Z2-graded vector space of all p-linear mappings of g^ = g x ■ ■ ■ x g 
into V satisfying 

ip{xi, ...,Xi,Xi+i, ...,Xp) = -{-l)^'''^^'''+^'^!f{xi, ...,Xi+i,Xi, ...,Xp) (super-skew-symmetry) 

for 1 < i < p — 1 (recall that we denote the degree of an element x by [x] G Z2). Set 
C%g, V) = V. We define the differential operator d : Cp{q, V) Cp+\q, V) by 

id(f)ixo, ...,Xp) 

= f](-l)*+M(M + N]+-+[-»-l])a;^y,(a;„,...,£^,...,a;^) 

1=0 

+ (2.9) 

i<j 

for ip G CP(g, V) and xq, ...,Xp G g, where the sign " means that the element below it 
is omitted. It can be verified that d'^ = 0. Set 

Z^iQ, V) = Ker(rf|c.(0,y)), i?^(g, V) = lmid\c.-^,,v)) , H^iQ, V) = Z^'(g, y)/i?P(g, V). 
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Elements in Zp{q,V) are called p-cocycles, elements in Bp[q,V) are p-coboundaries. 
Two elements of Zp{q, V) are said to be cohomologous if their difference lies in Bp{q, V). 
For Lf G Zp{q, V), we denote by Tp its residue class modulo Bp{q, V). The space HP{g, V) 
is called the p-th cohomology group. 

Let U, V, W be three g-modules such that 

O^U^V^W^O (2.10) 

is a short exact sequence, where /, g are homogenous g-module homomorphisms. Then 
there exists a long exact sequence 

> HP{g, U)S H^iQ, V) ^ HP{q, W) ^ HP+\g, V) ^ ■ ■ ■ , (2.11) 

where the maps Z^, can be defined easily from /, g (cf. (2.50)]). 

For X G g, we define : C^{g, V) ^ C^-^q, V), 6, : (g, V) ^ ^^(g, V) by 

(2,(^)(xi,...,Xp_i) = (-l)I"][^V(^,a^i,-,a;p-i), (2.12) 
{9^ip){xi, ...,Xp) 

= Xip{xi, ...,Xp) 

_^(_l)[-KM+W+---+[-.-i])<^(3,^^...^3.^_^j3.^a^^^ (2.13) 

i=l 

One can verify that 

di^ + i^d = 9^, dO^ = O^d. (2.14) 

Note that 6 : x ^ 6^ defines a g-module structure on C^{q,V) such that Z^(g, V), 
-^^(g, V) are submodules by ()2.14|) . Since go is a reductive Lie algebra, we can decom- 
pose 

Z^(g, V^) = Zo^(g, V) © 5^(g, V) (2.15) 
as a direct sum of go-submodules. For any g-module V , we denote 

= {t; G r Igot; = 0}. (2.16) 
Elements in are called go-invariant elements. 

Proposition 2.1. Every p-cocycle is cohomologous to a Qo-invariant p-cocycle. More 
precisely, 

Z^,{g,V)cZ^iQ,Vr. (2.17) 
Proof. Let G Z^(g, V). For all x G go, we have, by (EHH), 

e^if = di^ip + i^difi = di^if G BP{g, V) n Z^{g, V) = {0}. 
This proves (j2.17|) . Now the first statement follows from (j2.15|) . □ 

3. First cohomology groups with coefficients in Kac modules 

Let ip G Z^{g, Vx) be a 1-cocycle, by Proposition l2.11 we can suppose ip G Z^{q, Va)^". 
Denote (^*^°) = (p\gg. For x G go, ^ G g, by (j2.9p and (j2.13p . we have 

= difix, z) = e,ip{z) - (-l)W['^lz(^(x) = -(-l)W['^lz^(a;), (3.1) 

which implies that g acts trivially on if{x). 

We shall divide the study into two cases according to the highest weights of the Kac 
modules. 



COHOMOLOGY OF LIE SUPERALGEBRAS 7 

We first assume that A 7^ 2pi. Then Vx does not contain a trivial g-submodule. So, 
(f^^^ = 0. By (j2.8j) . for any v G Vx, we can uniquely write 

mn 

V = ^V-e, where V-£ G V^^. 

Now (im gives 

/a¥^(//3) + //3</^(/a) = (-l)f^'rf</^(/a,//3) = for a,/5eA+. (3.2) 

As U(0_i) is a Grassmann algebra generated by the odd root vectors, and acts freely 
on the Kac module Vx (cf. fl2.7|) ). we can take Grassmannian differentiation ^j- with 
respect to /«, a G Af, to obtain 

vifp) - U^Mfp) + - U4:^ifc.) = 0. (3.3) 

Sum over a G Af, we obtain 

mn 

{mn + l)^{fp)-Y.i^{fp)_, = fpv', where v' = WT^Uc). (3.4) 
Note that v' has degree [ip\. Denote 

mn 

= (mn + 1 - £)-i(-l)['^lt;^^^i, and = 

Then by Q, 

V.(/;3) = {-it^fpv = dv{fp) for all /3 G A+. (3.5) 
Replacing t> by f — f_m„, we still have ()3.5|) . and we can suppose 

= 0. (3.6) 
By (j3.5j) . and the go-invariant property of we have 

fpxv = xfpv - [x, fp]v = (-l)['^l(x(^(//3) - V5([a;, fp])) = for a; G go. 

This together with equation ()3.6|) shows that Qqv = 0. Thus by replacing ip by ip — dv, 
we still have that if is go-invariant, and 

^ifp) = for G A+. (3.7) 

Now using the fact that for all a, /3 G A^, 

= (-l)[^ldv9(ea, //?) = Caipifp) + f(3(piea) = fp^iea), (3.8) 

we obtain that either ip{ea) = 0, or for some a, 7^ f{ea) G V^"^"" (the bottom level) 
and V^"^"" = g+i as 0o-niodules. 

In the former case, H^{q, Vx) = 0. In the latter case, 

X = 2pi + ainax = (ra + 1, ra, n I - m, -m, -m - 1), 

and we only need to consider such 1-cocycles that satisfy the conditions 

^^Isoffis-i — 0; 

K^a) = the image of Cq, in y^""^" under the (3.9) 
go-module isomorphism g+i = y^-™". 

Obviously, is go-invariant. In fact, all 1-cochains satisfying ()3.9|) are 1-cocycles. To 
prove this claim, it only requires to verify the condition 

ea(piep) + ep(f){ea) = for all a, /? G A+. (3.10) 
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Since the left liand side of (jTTTHl is in v^f'°**°™+\ condition (jTTTHl holds if and only if 

/^(ea0(e/3) + e^0(eo)) = for all a, /3, 7 G A+. (3.11) 
The left hand side of (j3.1H) is equal to 

[f-y, ea]0(e/3) + [f-y, e/3]0(e„) - e„/^0(e/3) - e/3/^0(e„) 

= HllU ea], ep] + [[/^, e^], e„]) = 0. (3.12) 

Thus is a 1-cocycle and it is non-trivial because 0(ea) is in the bottom level of Vx 
which cannot be written in the form CaV for any f G Va . Using the go-invariant property 
of V9, and the fact that g+i is irreducible as a 0o-Kiodule, we easily see that the space 
of all the 1-cocycles satisfying ()3.9p is 1-dimensional. Thus 

^'(0, I^a) = C if A = 2pi + (3.13) 

Note that the above discussion actually provides an explicit construction of the non- 
trivial 1-cocycles. 

Now we consider the remaining case with A = 2pi. This time the Kac module V\ 
is free over U(0_i) of rank 1. Let v\ be a fixed non-zero g-highest weight vector of 
V\. Then CJ^^g^+ZofA forms a 1-dimensional g-submodule of Va, where the product 
nQeA+ fa is ordered with respect to the ordering in ()2.1|) . 

Consider any ip G Z^{q, Vx)0°. By equation (j3.ip . this ip must satisfy 

(^Igs. = and (^(2pi) = c' n fc^vx G C [1 /«^a, (3.14) 

aeA+ ciGA+ 

for some d G C, where 0q^ denotes the semi-simple part of go- Similar as before, we 
can suppose that ()3.7|) holds. Then 

= dip{e^, fp) = (-l)['^l^y.(ej - ip{\e^, fp]) = (-l)['^]^y.(e„) - 5^MK). (3.15) 

where the last equality follows from ()3.14p . Note that ha = {ha — ^(2pi)) -|- ^(2pi) 
and ha — ^(2pi) G q^q, we thus obtain 

fMe.) = (-l)['^]5„,/3— ^(2pi). 

mn 

In particular fppi^ea) = for all [3 ^ a. Thus p){ea) has the form Cq, n7eA+\{a} A'^a 
for some Cq, G C. Combining this with ()3.14j) . we obtain 

(^(Ca) = dCa n A^A, (3.16) 

7eA+\W 

where 

Ca = (-i)M+m{a)J_^ ^ud m{a) = #{7 G A+ | 7 < «}. (3.17) 
mn 

Now if we define a 1-cochain 0' by setting 

<^l9r®0-i = 0'(2pi) = n A^A, 0'(ea) =Ca [l A^A, (3.18) 

7eA+ 7GA+\{a} 

then one can check that 0' is a go-invariant 1-cochain (note that Cf a is a trivial q^q- 
module). To verify that it is a cocycle, we only need to show that condition ()3.10p holds. 
This is indeed true as follows from ()3.12|) . Thus 0' is a 1-cocycle. Furthermore, it is 
non-trivial, as can be seen from the following arguments: if (f)'{ea) has the form CaV for 
some V G Vx, then v is in the bottom level, i.e., v G C]^^g^+ /7fA- But C]^^g^+ f-yVx 
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forms a 1-dimensional g-submodule of V\, thus we must have 0'(eQ,) = = 0, a 
contradiction. 

The preceding discussions in this section complete the study of the first cohomology 
groups with coefficients in Kac modules. We summarize the results below. 

Theorem 3.1. Let V\ be the finite- dimensional Kac module with highest weight A. 
Then 

C if \ = 2pi + a^ax, 
H\q,Vx)={ C zf A = 2pi, 
otherwise. 

As an immediate consequence of the theorem, we have the following result. 

Corollary 3.2. Suppose V is any weight module {not necessary finite dimensional) 
over g. IfV contains a submodule isomorphic to the Kac module V2p^, then H\Qy)^Q. 

Proof. Suppose V2p^ G is a highest weight vector which generates the Kac module 
V2pi- We define a linear map 0' : g — > V by ()3.18|) . Obviously, (p' is a go- invariant 
1-cocycle. We claim that it is a non-trivial cocycle. Otherwise 0' = dv for some 
go-invariant vector v & V . This in turn leads to 

n /a^2p, = 0'(2pi) = 2hv = 0, 

which is a contradiction. □ 
Corollary 3.3. H^{q,U{q)) ^ 0. 

Proof. Let V2p^ = Y[aeA+ € ^(0) with weight 2pi. Obviously W2pi is a g-highest 
weight vector of U (g), thus generating a highest weight module V, which is a quotient of 
the Kac module V2pi. We claim that V = V2p^. If not, then V does not contain the bot- 
tom composition factor (which is the trivial module) of V2p^ , i.e., IlaGA;;'' {fa)v2pi = 0, 
where ad denotes the adjoint action. But we have 

n ad {fa)v2p^ = n ad (/„) H = ± [1 H 7^ 0, 

where = [ca, fa]- A contradiction. □ 

4. Second cohomology groups with coefficients in Kac modules 

We turn to the computation of the second cohomology groups with coefficients in 
the Kac modules. By Proposition 12. 11 we only need to consider go-invariant 2-cocycles. 

Let (p e Z^(g, Vx)^°- Since qI^ is semi-simple, we have H'^{qI^,Vx) = 0, i.e., 
y^lgss^gss = dip for some ggMnvariant 1-cochain ip G C^{q^,V\). Extend ip to 
ip G C^{g, Vx)^° by setting ^/'Igj^cpi = 0, and replace ip hj ip — dip we can suppose 

Then from 

= dip{xi,X2, z) 
= 0^^Lp{x2,z) - 9^^(p{xi,z) + (-l)H['^]2;v^(a;i,a;2) - ip{[xi, X2], z) 

= -ip{[Xi,X2],z), 



10 YUCAI SU AND R. B. ZHANG 

where Xi,X2 E ff^, z E 0, we obtain 

^\sF>cs = 0- (4.1) 

From 

= ci<^(pi,ei,6) = OpM^u^2) + (-i)t'^k6^(pi,6) + 6<^(pi,ei)) - ^(pi, [^1,6]), 

where ^i,.^2 ^ fli, we obtain 

ei</'(pi,6)+6</'(pi,6) = o, (4.2) 

(note that [^1,^2] ^00 = 0o^ © Cpi). This together with equation (|4.ip shows that 
ip' : z i-^ V^(Pi, z) , z E Q, is a 1-cocycle. 

First assume A 7^ 2pi,2pi + ctmax- Then it follows from Theorem 13.11 that ip' is a 

1- coboundary, i.e., there exists f G Va of degree [ip] such that (p{pi, for 
z E g and such that go^ = by ()4.1|) . We define a go-invariant 1-cochain ip of degree 
[ip] by setting '?/'|g==eBi = ^-^d ip{Pi) = v. Then by replacing (p hj (p — difj, we have 

^Isox0 = 0. (4.3) 
Now dip{fa, //3, f-^) = 0, a, 7 G A;,^, leads to 

/a<^(//3, A) + fMfo., A) + /7<^(/a, f p) = for a, /3, 7 G A+. (4.4) 
By taking Grassmannian differentiation and argue as in the derivations of equations 
()3.2j) - ()3.7|) . we can show that (p is cohomologous to a go-invariant 2-cocycle which 
satisfies fl4.3|l and vanishes on g_i x g_i. Thus we can assume that 

¥'(/«, //3) = 0, Va,/?GA+. (4.5) 

Under this condition ()2.9|) gives 

/^(^(e„,A) + A¥p(ea,//3) = 0, Va,/5,7GA+. (4.6) 

Again the same arguments as in the derivations of ()3.2|) - ()3.7|) renders ip satisfying the 
following equation 

y.(e«,/^) = 0, V«,/5gA+. (4.7) 

Then fH3|) and (pr7|) gives 

/„¥?(e^, e^) = 0. (4.8) 
Thus ipi^Ca^ep) is in the bottom level of V\. By super-skew-symmetry, v^lg+ixg+i is in 
fact a go-invariant map from g+i A g+i to the bottom level of V\. (Here A means 
symmetric tensor product as g+i is odd.) Thus the problem of finding non-trivial 

2- cocycles is now reduced to the determination of such maps. Note that 

0+1 A 0+1 = © l'-^I) , as 00-modules, 

(cf. notations ()2.4|) ). If A 7^ 2pi + 2a^s,^, 2pi +r]^^\ the space of such maps is zero, thus 
H\q,V,) = 0. 

For the remaining two cases with A = 2pi +2amax and A = 2pi+r]^^^ respectively, the 
space S of 0o-invariant maps from g+i A g+i to the bottom level of V\ is 1-dimensional. 
Let u be the generator of this space S. Now we can construct a 2-cocycle 02,i as 
follows: set 

</'2,l|0oX0ie0+iXg_i = 0, </'2,l|0+iXg+i = 1^- (4.9) 

Then H\g,Vx) = C^i. 

Next suppose A = 2pi. We consider ip G Z'^{Q,V\y° satisfying (j4.ip . The above 
arguments show that <^|g+iA0+i = and so ip is uniquely determined by i2pi'P, which 
is a go-invariant 1-cochain. With the help of equation (j4.2|) we can show that i2pi¥' is 
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closed. Thus by Theorem 13.11 there exists a constant c G C and a 0o-iiivariant v E Vx 
[v necessarily has weight 0) such that 

i2p,(p = c(f)' + dv, (4.10) 

where cj)' is defined by equation (j3.18|) . As {p{2pi,2pi) = 0, while (j)'{2f>i) ^ 0, the 
constant c must vanish. Therefore, 

iapiV^ = dv. 

We can always express v as i2piV^ for some go-invariant 1-cochain such that dip satisfies 
equation ()4.1|) . Therefore, 

«2pi(v5 - dip) = 0, 
which implies that ip = dip. Hence H^{q, V2p-^) = 0. 

Finally we consider the case with A = 2pi + amax- Any ip G Va)* satisfying 

()4.1|) is uniquely determined by i2pif- We can argue as in the preceding paragraph to 
show that 

^2piV^ = c0 + dv, 

where c G C, and is defined by ()3.9|) . Here f G Va is a go-highest weight vector of 
weight 0. But Vx does not have such elements (the difference of levels of weight A and 
weight is bigger than mn), we have v = 0. Thus 

i2pi^ = c(p. (4.11) 

As (14. 4p still holds, we can assume that ip satisfies (|4.5p . Now dip{ea, //j, f-y) = 0, for 
a, /3, 7 G A^, leads to 

//3<^(ea, /t,) + /7<^(e«, /^) = ±<^([e„, /^) ± (^([e„, Z^,], //?), (4.12) 

where the sign on the right hand side depends on the parity of (p. Because of (j3.9|) 
and (j4.ip . the right hand side vanishes identically. Thus again we can suppose that 
equation (j4.7j) holds. In this case, we have from dip^fa^ep^e^) = 0, for a,/9,7 G A^, 
the following equation 

fMep,e,) - (-l)['^l(<^([/„,e^],e^) + <^([/„,e^],e^)) = 0. (4.13) 

Choose a basis {e^ | a G A^} for V^"^ such that nTGA+ f-r^'a the image of under 
the go-module isomorphism g+i = V^f"**""* . Using ()3.9j) and 1)4.11) we can derive from 
fl4.13|l the following result 

ip{ef3,e^) = c{cf3 n frc'^ + Cy n fre'fs), 

reA+\{/3} rGA+\{7} 

where cp, P3 G A^^ are the constants defined by equation ()3.17j) . Thus if we define 

f 02,2|gg=X0ffig_iXg+i = 0, ^2/5102,2 = 0, 

j 02,2(e/3,e,)=c^ n /re; + c, [1 Ue'p, (4-14) 

reA+\{/3} reA+\{7} 

we obtain if^(g, Vx) = C02,2, as it can be easily shown that 02,2 is a non-trivial 2- 
cocycle. Therefore, we obtain the following result. 

Theorem 4.1. For the finite- dimensional Kac module Vx, we have 

( C0^ if \ = 2pi + 2an,ax, 2pi + r]^^\ 
H\q, Vx) = I C0^ if X = 2pi + a^^, 
[ otherwise, 
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where 02,1, 02,2 o^re defined by and ( 4-i4 )- D 



5. First cohomology groups with goefficients in irreducible modules 

In this section, we compute H^{g, L^) for q = slm\n, where is the finite-dimensional 
irreducible g-module with highest weight /x. We shall need the notion of primitive 
vectors, which we recall: 

Definition 5.1. For any g-module V, a non-zero QQ-highest weight vector v & V 
of weight A is called a primitive vector and A a primitive weight if v generates an 
indecomposable Q-submodule and if there exists a Q-submodule WofV such that v ^ W 
but G W . If we can take W = 0, then v is called a strongly primitive vector or a 
Q-highest weight vector and A a strongly primitive weight or a Q-highest weight. 

Let us now begin the computation of the cohomology group. It is known from jSJ |2] 
that if^(g,C) = 0. (This can also be easily proved by a direct computation by using 
Proposition 12.11 ) Thus we suppose fi ^ 0. 

Consider an arbitrary (/? G Z^{q, L^)^" . We shall write 

Equation (j3.1|) remains valid in the present case, which implies that the image of (p^^^ 
is a 0-submodule of consisting of invariants. Thus we have (p^^^ = 0. 

We now turn to the consideration of ip^^^ . We shall separate this into several cases. 

5.1. The case with all ^(fa) G L^°^ and some (f{fa) 7^ 0. This implies that 
fj, = — amin- Then from 

= (-l)[^]d(^(e„/^) = eMff^) + fM^a) = fM^a), a,(3e A+, 

it follows that non-zero ip{ea) must be in the bottom level 1}°^^°^ of L^. This requires 
the go-highest weight ^bottom of V°^^°^ to be ctmax, because of the go-invariance of ip. 
However, by using (221 Proposition 3.5] or [201 Theorem 3.5], we can easily obtain 
^J'hottom = (-1, -1, -n I m, 1, 1) ^ Omax- Thus Lp{ea) = 0, for all a G A+. 

Let us now define a go-invariant 1-cochain 0i in the following way: fix a go-module 
isomorphism J : g_i = L^°p , and let 

0i|goeg+i = 0) 01 (/a) = Jifa)- 
To verify that 0i is a cocycle, we need to show that the following condition 

faMU) + UMU) = for all a,/? G A+, 

is satisfied, which is equivalent to 

e,{faMfp) + UMU)) = for all a,/3,7 G A+. (5.1) 

Easy manipulations similar to the derivation of (|3.12p can show that (|5.1|) indeed holds. 
We can also easily show that 0i is a non-trivial 1-cocycle. Clearly, ip must be a scalar 
multiple of 0. Therefore 

H\g, L^) = C0r if = -a^in. (5.2) 
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5.2. The case with all ip{ea) G L^"**"™ and some (f{ea) 7^ 0. This implies that 
the 00-highest weight ^bottom of is ctmax, thus ^ = /i^""-*^) (cf. notations ()2.4p ) 
by |2ni Proposition 3.5] or jEIB Theorem 3.5]. Similar as above, we can construct a 
non-trivial go-invariant 1-cocycle 0'^ in the following way: fix a go-module isomorphism 
J' : 0+1 ^ L|^°**°™ , and set 

'/''ilgoeg-i = 0, = J'{ea). (5.3) 

Then 

i/^(0,L^) = C^ if /i = ;u("~i). (5.4) 

5.3. The remaining case. Finally we assume that 1^(60) ^ Ll^"""™ and if (fa) ^ L*-"^ 
for any non-zero '^{ca) and fifa)- In particular the given condition implies that 

In order for H^{q, L^) 7^ 0, all the central elements of U{q) contained in qU{q) must 
act on by zero [121 Prop. 2.2]. Thus by equations (3.33)-(3.35) of [12], has the 
following form: there exists some k with < A; < n such that 

rn-nr^ jk-l ji jo 

A'-l; ■••) A'-fc; ^; ^5 ^ 1; ^ 1; 1; 1; 0, 




k, —jj,k—m+n, —jii — m+n , (5.5) 



where 



fii> ... > Hk> k, jo, ji, jfc > 0, jo+jiH \-jk = n-k. (5.6) 



If = 0, we shall regard the set {/ii, yUfc} as empty, and fi = 0. Since we have 
assumed /i 7^ 0, we have /c > 1. 

Needless to say, not all the with highest weights fi belonging to the list ()5.5|) have 
non-trivial first cohomology. We now device ways to eliminate all the weights with 
trivial first cohomology. 

Note that an irreducible module can always be embedded in a unique Kac module 
as the minimal submodule, where is uniquely determined by n, see [201 Theorem 
3.2] or |23| Conjecture 4.1] (which was proved in 1, Main Theorem]). Denote by n* 
the highest weight of the dual module L* of L^. A weight fi is self-dual if /i* = fi. 

For any weight A = (Ai, Am | A^, A^) as in ()2.2|) . we define its level to be 

m 

£(A) = E A.. 

Then top{L^) = £(/i), hottom{L^) = i{fibottom). By [201 Theorem 3.2], [^ Conjecture 
4.1] and [H Main Theorem], ^bottom = A^j — 2pi, thus bottom (L^) = ^(A^) — mn. 
There exists an automorphism u : g ^ g oi g which interchanges Ce^s and C/q,'s: 

^(ea) = -(-l)7a, ^ifa) = "C^, uj{h) = -h foi a E A+, ieZ2,hei). (5.7) 

Using this automorphism we may define a new action of g on the space L^. Under 
this new action, the module becomes L* . This in particular implies that HP{g, L^) 
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Hp[q, L*), p > 0. Therefore by considering /i* instead of n if necessary, we can assume 
that top{L^) < — bottom {L^). This imphes 

top {L^) < ^(mn + 1), top (L^) + £(A^) < mn. (5.8) 

If A; = n, then /i = (n, n | — m, — m) = 2pi, which does not satisfy (|5.8|) . Thus 
1 < /c < n — 1. This in particular proves that H^{q, L^) = if = 1. 

We can now suppose n > 2. We shall find further conditions on the highest weight 

Regard U(g+i) as a 0o-module under the adjoint action. We define a go-module 
homomorphism a : U{q-i) — >■ by 

(^{Uea) = n ea¥?(e„g), (5.9) 

aeS aeS\{as} 

where S is any subset of with as being the largest element, and the product 
is in the order 1)2.11) . Using Ca^piep) = —epipi^ea), one can verify that ()5.9p indeed 
defines a go-module homomorphism, which is non-zero (and thus surjective) so long as 
</'(ea„„J 7^ 0. 

By assumption, v^(g+i) <^ j^bottom^ particular ip{ea^^^) 7^ 0, thus the top level 
L^°P of must be a go-submodule of (j(U(0+i)). This in particular implies that fi 
coincides with some go highest weight of U(g+i). It is known from 4.1.1] that a 
go-highest weight in U{q+i) = A(0_|_i) (the exterior algebra of the vector space g+i) 
has the following form 

= (/^l, /^2, /^m I - fJ^'n, -M)' (5-10) 

where (/Xi,/^25 •••5/^m) is a partition of £(/i) satisfying 

< < ... < /ii < n, (5.11) 
and (/i'^,/i'2, ...,/i^) is the transpose partition (/ii, /i2, /^m)^ of (/^i, /i2, /im), i-e., 

/iL = #{'^ 1 1 < < > z/}. (5.12) 

Using these conditions, we obtain that /i has the form ()5.5|) such that ()5.6p holds, and 

/^i = ji H \-jk + k, yUfc = jfc + /c. (5.13) 

Note that all such /x have maximal atypicality (i.e., it is n-fold atypical, cf. ^Hl) and 
ctmin is the first atypical root. 

To get further conditions on /i, we need information from Appendix^ The concepts 
of atypicality matrices, northeast chains (NE) of a weight, and n-, q-, c-relationships 
of atypical roots, etc. to be used below are all explained in the Appendix. 

By flA.4|) and Lemma fA.6r i). we obtain 

£(A^) = top + 4^NE^ > top + = mn + {m + n)iirn- top . 
This together with condition ()5.8|) and Lemma fA.6r 2) shows that 

Hm = and 71 is c- or g-related to any other atypical roots. (5-14) 
When /i has the form (|5.5|) satisfying ()5.6p and ()5.13p . condition ()5.14p becomes 

is + is+i H V ik<n-k- sioi s = l,...,k. (5.15) 

This condition in particular shows that 
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because if > f , we would take s = n~k + lm ()5.15p . then the left hand side of 
()5.15|) is > 0, but the right hand side is —1, a contradiction. 

Let us summarize the preceding discussion into the following Lemma. 

Lemma 5.2. In order for H^{q,L^) ^ 0, the highest weight fi of must be of the 
form ()5.5|) and satisfy the conditions ()5.6|) . 1^5.1^ . ()5.i^ and ()5.i6|) . 

For convenience, we call such a weight fi a fc-fold permissible weight. 
Identify a positive odd root ai^i, with the {i, i/)-position in the atypicality matrix 
A{fi). We observe that the number of elements of NE^j^ in z-th row is 

u) e NE^ \1 < u < n} = n - fii - \ ^'^ > m + 1 - i} = n - fii - fim+i-i, 

(recall (j5.1(J|) and (j5.12|) ). and the number of elements of NE^ in z/-th column is 

#{(i, u) e NE^ \l<i<m} = m- fi'^+^_^ - | /i* > z^} = m - - fJ^'^,. 

Thus, from this and ()A.4|) . we have 

A^ = 2pi-/i^ (5.17) 

where fi^ = (fim, | — p'^ — A*^) is the reverse of /i. Equation ()5.17p shows that 
the go-highest weight fitouom of L|^°**°™ is —fi^ and thus the lowest weight of is —p. 
This proves 

Lemma 5.3. Suppose H^{g,L^) ^ and fi ^ —a^^j^, Then is self-dual, i.e., 

jj* = ji. 

Since ^ 2pi, 2pi + Q;max by ()5.17|) . Theorem 13. II shows that -^^(g, Va^) = 0. From 
the short exact sequence — — > Va^ — > Va^/L^ — > 0, we obtain a long exact se- 
quence of cohomology groups as in ()2.1H) . In particular, since H^{q, V\^) = (Va^)^ = 
(where for a g-module V, we denote = {v & V \ gv = 0}, the set of g- invariant 
elements of V^), and H^{g, V\^) = 0, we obtain 

H\q, L,) = H'ig, VaJL,) = (VaJL,)^. (5.18) 

5.4. Main result on first cohomology groups. Now we are ready to prove 

Theorem 5.4. Let L\ he the finite- dimensional irreducible Q-module with highest 
weight A. Then dimH^{g, L^) < 1 and H^{q,L^) ^ if and only if p is one of 
the following n -\- 1 weights: — amm; j = 0, ■■.,n — 1 (note that p*^-'^ is self-dual if 
J <n-l and (p^""^))* = -amin)- 

Proof. By |231 Conjecture 4.1] and T, Main Theorem], we have that, the multiplicity 
of Lx in the composition series of Va^ is oa^.a = [Va^ : La] < 1. In particular, taking 
A = 0, we have 

dim{VAjL,y<[VA^,Lo]<l. 
We want to use |23| Conjecture 4.1] and I, Main Theorem] to prove 

[Va^,Lo] = 1 (5.19) 

for the weights listed in the theorem. Recall (|2.5|) and (|2.6|) . and that the n-fold atypical 
weight has the following atypical roots 

with the corresponding data (see j2SI Conjecture 4.1]) 

{ki,k2, kn) = {m + n — l,m + n — 3,...,m — n + 1). 
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where kg = ^NEo{s) is the number of the s-th northeast chain NEq[s) of weight 
(cf. Definition IA.3I in Appendix . We take 

jo 31 3n-k 

= (ei,e2,...,^^n) = (17^,o,C7i,o,...,o,CTT). 

Then 

Xg = d{J20sksls) = d{ J2 E a) = 2pi - I = A^, 

s=l s:es=l aeNEo{s) 

where in general for a weight A, we define d{X) = d{X + p) — p, and d{X) is the unique 
dominant weight in WX (where W is the Weyl group of q). Thus by [23 Conjecture 
4.1] and P Main Theorem], ^^TH^ holds. 

Let Vq G Va^ be a primitive vector of weight corresponding to the composition 
factor Lq. Let V := U{q)vo = f/(Si)fo- Assume that g+i^o L^. Let 

Vr G f/(g+i)fo\-L^ be a primitive vector of maximal level with weight r. (5.20) 

Then r must also have the form ()5.5p . Since 0+if/(g+i)fo is isomorphic to a quotient 
of t/(0+i) as a 00-niodule, r also has the form ()5.10|1 satisfying condition ()5.12|) and 
(j5.13|) . Thus as proved before, we have 

either r = p^^~^^ or r is a self-dual weight. (5.21) 

Let —a be any anti-primitive weight in U{q-i)vq (i.e., —a is the lowest weight of 
a composition factor). Then as before, a is self-dual or cr = p'^^~^\ Since the lowest 
weight of is — /x, we must have that /i — a is a sum of distinct positive odd roots. 
Thus a has to be a self-dual weight (this also shows that there does not exist a prim- 
itive weight A in 0-if/(g_i)fo)- Let V be the submodule of V generated by self-dual 
primitive vectors. Then 

Q-iV^ C V (5.22) 

First suppose r = p^^~^\ Since there is a unique way to write r as a sum of distinct 
positive odd roots, we must up to a non-zero scalar have 

Vr=Y{ e^vo, (5.23) 

where = {ai^n, C(2,n---, C(m,n, C(m,h-i, C(m i} ■ Notc that — r can also be uniquely 

written as a sum of distinct positive odd roots. Thus we can up to scalars uniquely 
write 

Vr= U faVA, + ..., (5.24) 

where F!^ is the unique subset of Af such that A^ — r = J^aer ^ where the 
missing terms are in U{q_i)U{Qq)QqVa^ (where Qq is the negative part of the triangular 
decomposition of go)- Applying any /„. ^ to ()5.23|) for z > 1 and u < n, since /„. ^ 
commutes with e^, a G F,-, by ()5.22|) . we see that faa^Vr G V . Clearly, by ()5.24|) . we 
have w = fa^^Vr 7^ for some i > 1 and v < n (since A^ ^ 2pi, we must have that 
F^ is a proper subset of {ai^i, \ i > 1, u < n}). By applying ea,a G Aq to w until 
it becomes a go-highest weight vector, we obtain that fa^^Vr is a go-highest weight 
vector of weight r — aj^fi in V for some j > 1, t] < n. Therefore, there exists some 
primitive weight a of V such that cr — (r — ,j) must be a sum of distinct positive odd 
roots (cf. |2H Lemma 5.2]), which is impossible, because Ui < n — 1 and ti = n and 
cr — (r — aj^r]) = (— 1,---|---) (the first coordinate is —1) cannot be a sum of distinct 
positive odd root. Thus r is a self-dual weight. 
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By considering the lowest weights, we see that — r is a sum of distinct positive odd 
roots. Thus 

Lemma 5.5. A weight t appeared in (15. 20^ must he a k'-fold permissible weight for 
some k' < k and fi — r is a sum of distinct positive odd roots. 

Now we continue the proof of Theorem 15.41 and divide it into 2 cases. 
Case 1: Suppose /i = n^^^ with j < n — 2. 

By Lemma 15.51 r must be 1-fold permissible weight and thus is of the form r = /i^^^ 
for some i < j. Let V^^ denote the dual module of the Kac module V\^. Since 
— /i = (A^ — 2pi)^ (see fj5.17|) ) is the lowest weight of Va^ and the lowest weight vector 
can be generated by all vectors, we see that /i is the highest weight of V^^ and the 
highest weight vector can generate every vector, i.e., V^^ = V^. Since r is self-dual, we 
have 

r is a primitive weight of <^==^ r* = r is a primitive weight of V^^ = V^. (5.25) 

We shall again use [23 Conjecture 4.1] and Tj Main Theorem] to determine possible 
r such that a^^r = [V^, Lr] = 1. Since r = we see that all atypical roots of r are 

7l = 72 = am-1,2; 7n-l = am-n+2,h~l, 7n = "l.n; (5.26) 

with the corresponding data (/ci, kn), kg = i^NEr{s) (cf. Definition IA.3|) being 
( ks = m + n + l-2s if l<s<n-i-2, 

kn-e-l = 1; 

ks = m + n — 1 — 2s if ra — £<s<n — 1, 
fcn = 1- 



(5.27) 



T.i 



Let 9 = {9i, 9n) e Z^. We want to prove 

\e ^ fi if = 1 for some s n — £ — l,n. (5.28) 

Denote r = n^^^ + X]s=i ^sksll + P- Recall ()2.3|) . we obtain that the n-th coordinate of 
r is — (m — n + £ + l) — kn + Phi i-e., 

Tn = -{m - n + i + 1) - kn + Ph, 

and by (PT:^ and (jSIZZD, 

— (m + 72+1 — 2s) + Ps if s < n — ^ — 1, or 
— 1 — (m + n — 1 — 2s) + Ps if s > n — £. 

Suppose r^, are respectively the p-th, g-th coordinates of dij) (the unique dominant 
weight in the Weyl chamber of r). Then q < p since < r^. Then one can easily see 
that thep-th, g-th coordinates of are respectively Tn—pp = —{m—n+£+l)—kn—n+p 
< —2 and Ts — Pq < —2 (note that — pg = g — s by ()2.5j) and ()2.(ij) ). Thus we 
have ()5.28|1 . So, we have proved that if = p, then 9 = (0, 0, 6'„_£_i, 0, 0, 6'„). 
One can easily check that the latter can happen if and only if j > 1 and i = j ~ 1 
and 9n-i^i = 9^ = I. In particular, if j = 0, then no r in ()5.20|) can occur, i.e., 
(Va^/L^)^ = C. In this case. Theorem 15.41 follows from ()5.18p . 

So suppose j > 1. Then we just proved that r, if occurred in ()5.20|) . must be the 
form r = p^^^ with i = j — 1. Consider the Kac module V^. Suppose the corresponding 
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primitive vector of weight r in is By ()5.25p . is also a primitive weight of V^, 
and suppose v'q is a corresponding primitive vector. We claim that 

v'q cannot be generated by v'^. (5.29) 

(In fact by a conjecture of f:^. is generated by Vq). Take 

m—n+j+l 

A= = (j + l,.?.,j + r, 0, I 0, 0,'n-m-j-l,^..,n-m-j-l). (5-30) 

s=l 

By we see that fi and are strongly primitive weights of V\ corresponding to 
unlinked codes. Suppose v'^ and Vq are their corresponding strongly primitive vectors 
in Va. 

We prove that Vq can be generated by v'^ as follows (in fact, the code corresponding 
to v'^ is a sub-code of the code corresponding to Vq (see [201 Theorem 3.7])): Consider 
the dual module = V^;, where S = 2pi - A^^. Note that L* = L^, Lq = Lq 
and L\ all are composition factors of Vs. Let fs be the highest weight vector of 
Vs. Let f^j„„„„ G Vs be up to scalars the unique go-highest weight vector of weight 
fJ'bottom = —fJ'^ corresponding to the lowest go-highest weight vector of the composition 
factor Lfj_ of Vs. First note that 

S - = 2pi - = Yl C(, (5.31) 

where Fi is a unique subset of A^. Thus according to [211 Lemma 5.2], we can up to 
scalars uniquely write Vq (a primitive vector of weight in Vs) as 

< = n favj: + --- , (5.32) 

where the missing terms are contained in f/(0-i)f/(go )0o fs- As in ^T], we shall call 
the first term of the right hand side of (j5.32j) the leading term of Vq. Also note that 

— P-bottom = fi^ = ^ tt, 

for a unique subset F2 of A^. As in j^H §5] (where some operators xj are defined), we 
can construct a weight vector v'^^^^^^^ of weight fibottom from v'q such that 

= n /a< + ■ ■ ■ , (5.33) 

aer2 

and such that v' is a Qo-highest weight vector as long as v' 7^ 0. We claim 
that f' is indeed non-zero: Substitute (15.321) into (15.331) . we see that t>' has 
the leading term naeriur2 /""^s- This is because: for any a = ai^p G Fi and any 
P = aj^g G F2, we have either i > j or p < q. Thus when we substitute (|5.32p 
into ()5.33p . we only produce one leading term. Thus the go-highest weight vector 
^Mtoitom = of weight fibottom in Vs can be generated by Vq. By taking dual, we 

obtain that Vq in V\ can be generated by v'^. 

By [221 Conjecture 4.1] and jTJ Main Theorem], we can prove that r = /i*^^^ is not a 
primitive weight of V\: Suppose A = Xg for some 9, i.e., A + p = (^{^ + ^2^=1 ^s^sll + p)- 
This means that two sets {A^ + I s = 1, ri} and {r^ + kgOg + Ps\s = 1, n} are 
equal, and so by (j2.5|) . (j5.3(J|) and (j5.27p . two sets 

{1, 2, n — j — l,m + l,m + 2, ...,171 + j + 1} and 
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{ei{m + n-l) + l, d2{m + n - 3) + 2, dn-j-i{m - n + 2j + 3) + n - j - 1, 
9n-j + n-j, 

1 + On-j+i{fn - n + 2j - 3) + n - j + 1, 1 + 9n-i{ni - n + 1) + n - 1, 
m — n + j + 9n + n} 

are equal. No matter whether 9n^j = or 1, the first set does not contain 9n-j + n—j. 
Thus T is not a primitive weight of A. 

Now we define the module homomorphism tt : u{g)v'^ G V\ from Kac module 

to the highest weight module U{g)v'^ as follows: n sends to v'^. Then vr sends v!j. 
to zero (since r is not a primitive weight of Va) but sends v'q to Vq (since Vq is generated 
by v'^, there is a pre-image of which is also primitive in Va). This proves ()5.29|) . 

Now consider V* = Va^. By ()5.29|) . we see that in V\^, Vr cannot be generated by 
Vq. This proves that no r in (|5.21|) can occur in (|5.2Up . i.e., (Va^/L^)^ = C By (j5.18j) . 
this proves Theorem 15.41 in this case. 

Case 2: Suppose yU is a fc-fold permissible weight with k > 2 (see Remark l5 . 71 b elow) . 

Note that we can uniquely decompose /i as /i = z/ + r/, where 

V = (/ii,CTi, 0, 1 0, c^TT^, -/i'l) 

is a 1-fold permissible weight and 7] = fi — uisa-lk — l)-fold permissible weight when 
restricting it to be a dominant weight of sl{m — 1/n—l) [rj is not dominant as a weight 
of g). Using Conjecture 4.1] and [1,, Main Theorem], we see that both u and are 
primitive weights of V^, which correspond to linked codes (cf. 0). Let w^, and Wq be 
the corresponding primitive vectors in V^. Using exactly the same arguments in the 
paragraph after (j5.3Up . we obtain that Wq can be generated by w^. This means that 
in V* = Va^, a primitive vector of weight u can be generated by a primitive vector of 
weight 0, i.e., Lq is not a submodule in Va^/L^. Thus (Va.^/L^)^ = 0. By (jS.lSj) . this 
completes the proof of Theorem 15.41 □ 



Remark 5.6. It is also possible to prove Theorem 3^7 using the machinery to be de- 
veloped in Section\^. 

Remark 5.7. Suppose fi is a weight such that all the central elements ofU{Q) contained 
in qU^q) act trivially on L^. As in ()6'. 2^ . one can prove that contains a copy of 
Qo-module g+i or g_i if and only if jJi = — ttmin, /W*--''', < j < n — 1 {this also shows 
that H^{q, L^) = if fi is a k-fold permissible weight with k >2). Thus 

H^{g,L^) 7^ <^==^ contains a copy of Qo-module g+i or (5.34) 

6. Second cohomology groups with coefficients in irreducible modules 

In this section we compute the second cohomology groups of the special linear su- 
peralgebra with coefficients in the finite dimensional irreducible modules. 

6.1. Primitive weight graphs. We first introduce some concepts, which will be used 
extensively in the remainder of the paper. 

Definition 6.1. For a g-module V, we denote by P{V) the set of primitive weights 
of V . Let Po{V) = {/i G P{V) \ L^ is an irreducible submodule ofV}. A weight in 
Po{V) is called a lowest or bottom primitive weight. Let P'{V) = {u^ | /i G P{V)} be 
a collection of non-zero primitive vectors. For a primitive weight fj, of V , we denote 
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f/(/i) = UvifJ') = f/(0)f^. If fi 7^ u and Vy G t/y(/i), we say that v is derived from /i and 
write V «— < fi or fi >— ^ fi. If fi >— « u and there exists no A such that fi ^-^ A v, 
then we say v is directly derived from fi and write ^ ^ u or u <^ fi. If fi ^ u and 
Vy G U{Qj^i)Vfj_, we also use fi u or u ^ fi to denote this fact; similarly, we also 
f f 

use fi ^ V or V ^ fi to denote v^j G t/(g_i)t'^ [Sometimes for convenience, we also 

use symbols fi < > A to denote fi ^ X or fi <^ X). 

We can associate P{V) with a directed graph, still denoted by P{V), called the primi- 
tive weight graph ofV, such that two weights A and fi are connected by a single directed 
edge {i.e., the two weights are linked) pointing toward fi if and only if fi is directly de- 
rived from X. A subgraph of PiV) is a subset S of P{V) together with all edges linking 
elements of S. A subgraph S of PiV) is closed if it satisfies the following condition: 
For any rj G P(y), fi,u E S , 

fi 7] V implies rj E S. 

It is clear that a module is indecomposable if and only if its primitive weight graph 
is connected (in the usual sense). It is also clear that a subgraph of PiV) corresponds 
to a subquotient of V if and only if it is closed. Thus a subgraph with only 2 weights 
is always a closed subgraph. 

For any subset S (not necessarily a subgraph), we denote by S the smallest closed 
subgraph which contains 5*. 

For any graph F, we denote by M(F) any module with primitive weight graph F if it 
is indeed a primitive weight graph of a module. If F is a subgraph of P{V), then M(F) 
is defined, and we shall also denote M(F) = M(F). If F corresponds to a submodule of 
V and we need to indicate M(F) as a subquotient module of V, we denote M(F) by 
Mv{T). 

For a dominant weight fi, we let P{fi) = PiV^), and set 

P^{fi) = {X\fieP{X)}. 

Then P^{fi) is the set of dominant weights A such that every Kac module V\ has a 
composition factor L^. 

We shall say that a weight fi has non-zero 1-cohomology if II^{q, L^) ^ 0. 

Remark 6.2. (1) Since we will frequently need to determine primitive weights of Kac 
modules, it will be convenient to first use permissible codes defined in [Hj to find a 
possible primitive weight, then use (SHI Conjecture A. \] and [U Main Theorem] to check 
if it is a primitive weight. 

(2) Let P{V) be the primitive weight graph of the module V . The dual primitive 
weight graph P*{V) of V is the graph obtained from P{V) by reversing the directions 
of all arrows and changing all weights to their dual weights. Note that P*(y) = P{V*), 
where V* denote the dual module ofV. If we change the action of q on P(y*) by the 
automorphism uj defined in \5. Tj ) which exchanges Ccq, 's and Cfa 's, then we obtain 
another module, called the inverse module of V , with graph P{V) obtained from PiV) 
by reversing the directions of all arrows {recall that using the automorphism uo, the 
module becomes L^* = L* for all fi) . In particular, we have 

3M{fi ^ u) 3M{fi ^ z/) ^ 3M{fi* ^ u*) ^ 3M(/i* ^ u*). (6.1) 

(3) // ()6'. i|) occurs and fi ^ u, then v G P{fi) U P^ {fi) since either M{fi >— > v) or 
M{fi ^ v) must be a highest weight module {we adopt the convention that a high- 
est weight module is cyclically generated by a highest weight vector), and similarly, 
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u* G P{fJ'*) U P'^lfi*) {note that it is possible that fi = u, in this case, M{fi >— * /i) is 
not necessarily a weight module). From this we obtain that if fi is a primitive weight 
of the highest {resp. lowest) level in an indecomposable module P{V) such that either 
every other primitive weight derives fi or is derived from ^, then 

P{y) C P(/i) {resp. P{V) C P'^{^i) ). 

6.2. Technical lemmas. This subsection contains a series of lemmas which will be 
used in establishing Theorem 16.181 in the next subsection. The proofs of most of the 
lemmas rely on detailed analysis of structures of Kac modules, which unfortunately is 
a matter of a very technical nature. 

Lemma 6.3. yU < > implies that H^{q,L^) = C. 

Proof. Say we have a module V = M(0 >— > n). Then we can define a 1-cocycle 
ip G Z^{Q,Lfj_) by (p{x) = xvq G for x G g, where vq is a primitive vector with 
weight 0. Clearly it is non-trivial, otherwise V is decomposable. □ 

Lemma 6.4. (1) // there is a short exact sequence O^C^V^W^O, then 
H\g,V)^H\Q,W). 

(2) // there is a non-split short exact sequence then 
dim H\q, V) = dim H\q, W) - I. 

Proof (1) Since H\q, C) = H^{q, C) = 0, by (ITTT|l . we have 

= H\q, C) ^ H\g, V) ^ H\q, W) ^ H\q, C) = 0, 

which gives H\q, V) ^ H\g, V). 

(2) Since the short exact sequence is non-split, we have the exact sequence 

H'{q, W) ^ H\g, V) ^ H'{e, C) ^ H\g, W) ^ H\g, V) ^ H\q, C), 

where i is the identity map, and so j is the zero map. Thus we have an exact sequence 
^ C ^ H\q,W) ^ H\q, V) 0, which gives the resuh. □ 

Lemma 6.5. Suppose g ^ sl{2/l), and suppose there is a short exact sequence of 
Q-modules 

^C^V ^0 orO^W-^V^C^O. 

Then H\g,V) ^ H\g,W). 

Proof. Note that H^{q,C) = as long as g 7^ s/(2/l). We have the following exact 
sequence (cf. (EHH)) 

= H\q, C) ^ H\q, V) H\q, W) H\q, C) = or 

= H\g, C) ^ H\g, W) ^ H\g, V) ^ H\g, C) = 0, 

which give the result. □ 

Lemma 6.6. For any {finite- dimensional) module V, we have 

dimH\g,V)< E dimH\g,L^). (6.2) 

li€P{V) 



More generally, suppose 



piy) = ([jp)[j((jQ^) (6.3) 
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is a disjoint union such that all Pi, Qj are closed subgraph of P{V) and such that all 
Qj do not contain any primitive weight with non-zero 1-cohomology, then 

dimH\g,V) < f2dimH\g,M{Pi)). (6.4) 

i=l 

Proof. We prove ()(i.2|l by induction on number of composition factors of V. If V is 
irreducible, the claim is obvious. Suppose V is not irreducible, and let be an 
irreducible submodule of V. Then the exact sequence O^L^^V^V/L^^O gives 

H\g, L,) ^ H\q, V) H\q, V/U). 

Thus as a vector space, H^ig,V) = i{H^{g,L^)) ® j{H^{g,V)), and dimH^{g,V) < 
dnnH\g,L,)+dunH\g,V/L,) < J2^^p^y^dunH\g, L,). □ 

Lemma 6.7. Suppose V is a module without any trivial {i.e., 1-dimensional) compo- 
sition factor. Then 

Y: dimH\g,L^)<dimH\g,V). 

Furthermore, suppose we have such that all Pi correspond submodules of V and 
V I ©f=i M(Pi) does not contain a trivial composition factor, then 

E dim if 1(0, M{Pi)) < dim 1/1(0, V). 

1=1 

Proof Let V = ©^ePo(v)^|. C V. Clearly, H\g,V') ^ (S,,ePo{v)H\g, L^). From 
O^V ^ V/V 0, by (jnH), we have = H^{V/V') H\V') H\V), i.e., 
i is an inject ive map. □ 

We need to use ^23» Conjecture 4.1] and |li Main Theorem] to determine P^{fi) and 
P(/i) for some /i. Note that the necessary and sufficient condition for the existence of an 
element d in the Weyl group of 0o, which relates the weight fi = {fii, fim \ fJ^i, A^n) 
to a weight A = (Ai, | A^, Xn) such that A + p is dominant through the equation 
A + p = d{fi + p), is the following equalities of sets: 

{Ai + m, ...,A„ + 1} = {pi+m, ...,p„ + l}, {X^-l, X^-n} = {p^ -1, p^-n}, 

where dominance of A + p means that 

Xi + m > X2 + m — 1 > ... > Xm + ^, Xi — 1 > X2 — 2 > ... > Xfi — n. 

Recall notations ((221) and ((231) • For r = p(^), we have (jK?^ and (EITTj) . 

Lemma 6.8. (1) Suppose < i < n — 1. Then 

p^{^('y) = {A,(pW) = p(i'^^^) + • ■ ■ + p(^-i'^-^) + p(^'^) + p(^+i'^'^+i) + ■ ■ ■ + pC^'^'^) 

+ 0n-£-iam-n-i-£+3,n-e-i + OnOim+l-i,h+l-i \ l<S<n — £— 1, 

s < k < n - 1, ji > j2 > ... > js-i > i+l, i> Js+i > ... > jk, 

^n-£-l,^^nG{0,l}}, (6.5) 

(note that when 9n-e-i = On = I, the sum of the last two terms together with p'^'^'^^ is 
equal to jj,^^'^^^^). 

(2) Similarly, we have 

\ < k < n - l,n ~ 1 > ji > ... > jk > 0, Oi = 0,1}. (6.6) 
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Proof. (1) Suppose {j \ 9j = 1, j ^ n - i - = {ji, js^i, js+i, --Jk}, where ji > 
••• > js-i > i + i> js+i > ••• > jk- Using (15. 271). by induction on #{j | = 1}, we 
obtain ()6.5j) . Similarly we have (jfi.fij) . □ 

For a weight r, we denote 

P+(r) = G P(r) I E /i.>-l}, P-(r)=P(r)\P+(r). 

Lemma 6.9. (1) Suppose < £ < n — 1. We have 

_ a . u(^-i) - a ■ u^^-^^ - a ■ -a ■ I f6 7) 

"mm) "mmj H' "mmj "mmj; V^' ' / 

where if i = n — 1 then the last 5 weights do not occur, and if i = then the 6 weights 
with plus or minus subscript or with supscript (£ — 1) do not occur. 

(2) If fJ^ E P_(/i*^^)), there is no link fi^^^ < > /i unless n > 2, i = n~2 and jj, = r]^'^\ 

(3) If n E P-(— amin); thcrc is no link — Omin ^ ^ 1^ unless n>2,^ = —2ajnin,V^'^^- 

Proof. (1) Let yU G P+(/i'-^^). Then /i satisfies the condition (j5.5|) and so 

< < i+l, < /i2, /^m-n+f ^ 1) /^m-n+^+l = ---=/^m-l = 0, /X^ = 0, — 1. 

From this and using [23, Conjecture 4.1] or [2 Main Theorem], it is straightforward to 
show that /i must be one of weights in ()(i.7|) . 

(2) Suppose /i G P_(;uW). Say^^^ ^. If ^ ^ -2amm,r/^^\ then H^{q,L^) = 
(since /x cannot be a weight in ()6.19|) either). Since fi must have the form ()5.5p . 
one can easily check that the lowest weight of (which is lower than —fi^^^) is not 
a sum of distinct negative odd roots, this means that H\Q,M{fi^^^ ^ /i)) = (if 
H^{g, M{fi^^^ ^ /i)) 7^ 0, then in particular the lowest weight vector of can be 
generated by a primitive vector of weight 0). Then from the short exact sequence 
^ ^ M(/i(^) >^ fx) ^ L^w 0, by (EZH), we obtain that H^{q,L^) ^ 0, 
contradicting the fact that H'^{q,L^) =0. If = — 2Q;min, r/'-^^ then only the second 
case can occur and in this case i = n — 2. 

The proof of part (3) is similar. □ 

Lemma 6.10. Suppose n > 2 and let fi = We have 

A^ = (n-1, I 0, 1-m, 1-m) = /x^^'^-^) + /i(2."-3) + . . . + (6.8) 

Consider the Kac module V\^, P(A^) has a subgraph {not necessarily closed) 

^ - a^^, (6.9) 

where Ai = /x*^"^^) — «mm- 

Proof. First, ()6.8p follows from ()A.4|) . Note that all weights in ()6.9p are strongly primi- 
tive weights (they in fact correspond to unlinked codes defined in [HI)- Since is not a 
bottom primitive weight, there must be a weight linked to in Uv/^^ (0), and this weight 

has to be — amin by Lemma l(i.3[ Thus ^ — «min- We see from fl(i.5|l that /i*-""^-' is 
the only primitive weight of other than with non-zero 1-cohomology. By Lemma 
16. 3| we must have /i*^""^-' >— > (since there must be some weight r such that r 0). 
Note that the primitive vector can be obtained from the primitive vector f^(n-2), 
in fact, = /amin'^uf^-^) (indeed it is non-zero and strongly primitive). Thus we have 
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^{n 2) y^^^ Obviously Ai — amin since — amin is the bottom primitive weight. 
If there exists some v such that 

then since ^(Ai) = — 1, we must have £(z/) < £(Ai). By Remark [6. 2t we must 

have 

{n-2)^ 



z/GP(A^)nP(/i^"-^OnP(Ai). 

By Lemma l6.9[ we have v E P+(/i*-"~^''), but we see from ()6.6|) that such u does not 
exist. Thus /i^""^) ^ Ai >— i> — amin- D 

Lemma 6.11. In V^u), we have the following subgraph of P(fi^^^): 

^ /i^^ <-< f^^^'^ ^ Ai ^ 

/^^^-'^ i -«min, (6.10) 

< = ' ^ 

^ (i) ^ 

wt/i Ai = jj^^^ — ttmin; where if j = 0, the part fx^^'^^^ , ~ < zs missing. 

Proof. We prove by induction on j. First suppose j = 0. Then (j6.1(J|) is reduced to 

O'.^ - (6-11) 

The part yU^^-* ^ is clear since it is the dual of the part ^ in P(A^(o)) which 
has been used to prove H^{q, L^m) 7^ 0. Since — amin is the only other primitive weight 
of V^(j) with non-zero 1-cohomology and since is not the bottom primitive weight, 
must be linked to some primitive weight A with arrow pointed to A. By Lemma 16.31 
we must have ^ — ttmin- The proof of the part ^ Ai ^ — amin is similar to that 

of dnn). 

Next suppose j > 0. We observe the following facts: 
Fact 1: As in case j = 0, we have fj.^^^ >— > 0. 

Fact 2: fx^^~^^ 0: Note that — amin are the only primitive weights of V^u) 

beside n^^^ which have non-zero 1-cohomology. We claim that is not a strongly 
primitive weight of V"^(j). Otherwise, the bottom primitive weight r of V^u) is in P(Vo), 

but Ti = j > (note from [201 Theorem 3.2] that r = l^^-'^ — J2aesw ( ) "where SW/j^^^ 

is the set of roots in the southwest chains of there is only one element of SWfi^^'' 
located on the first row, i.e., the ra-th atypical root Omax), a contradiction (using (231 
Proposition 3.5], one can also see that r is not in P(Vo)). Thus there is a primitive 
weight A in U{0) = f/y^^(0) with level higher than 0. Thus A has the form (jS.lUp 

satisfying ()5.12p . This A must be Thus «— < and /x(^-i) is the highest 

weight in M{n^^~^^ < 0). So we have a highest weight module M{n^^~^'> 0), 
which is a quotient of V^o-i). But by the inductive assumption, we have fj.^^^^^ in 
V^u-i), thus also in M(/i(J-i) >^ 0). Therefore, fi^^'^^ ^ in M(/i(J-i) 4^ 0). Thus 
^0-1) ^ 0. 

Fact 3: >^ — amin: First note that (— amin)* = /i*-"^"'^''. As /i*^-'^ = J2a&r'^ 
a unique subset T C A^, there is up to scalars a unique 0o-highest weight vector of 
weight which must be a primitive vector vo of weight 0. Similarly, there is up to 
scalars a unique go-highest weight vector v' of weight — (yu'^"~^))^ which must be the 
one corresponding to the lowest go-highest weight vector of L_a^^.^^, and we have 

v'= Yl f^vo, (6.12) 
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where Fi = {a^ |, a^_^ i, i, 21 C(m,h}- Indeed the right hand side of ()6.12|) is 
non-zero (since Vq has the leading term Ylaer faV^u) ) and is a go-highest weight vector 
of weight — (/i^""^^)"^. This means >— — amin- We cannot have /i 



an 



Assume otherwise. Since U{n^^ is a quotient of V^(j-i), by inductive assumption, 
we must have fi^^~^^ ^ ^ —cemm, contradicting fj.^^"^^ 0. Thus in U{0)/U{ix^^~^^) 
which is now a highest weight module, we still have — ttmin- So ^ — amm, since 
— «min is the unique primitive weight in U{0)/U{fi^^~^^) with non-zero 1-cohomology. 

Fact 4: jj,^^'^'^ <— < jj^l^ ^ jj,^^'^: Note that iJL~i\ are strongly primitive weights 

such that the primitive vector v^u-i) is constructed 

from the primitive vector v o)). If /i^-'"^-' ^ <— < /i'--'^ is not valid, then there is some 
such that 

^a-i) ^ ^ or /i^'^ ^ z/ ^ (6.13) 

Such u can only be in P+(/i'^-'^) fl P(/i^'*) by Lemma f6. 81 and Remark l6.2[ But by ()6.7p . 
we see that no can satisfy ()6.13p . 

Fact 5: ji^^^ ^ \i — amin: The proof is similar to that of ()6.9|1 . 1)6.111) and Fact 
4. □ 

Now consider dual graph of ()6.10|) . Note that 
In P(A^{j)), we have 



[ (-amin)* . (6.14) 

^ ^ ^0-) ^ AI ^ 

Lemma 6.12. I^enofe Mi = M{n^^-^^ ^ 1^+'^^), M2 = M(AJ ^ (-amin)*)- VFe have 
H\g,M,) = H\Q,M2)=0. 

Proof. The arguments for the proof of H^{g, Mi) = are similar to those given after 

dnm). 

To prove H^{g,M2) = 0, first we consider the Kac module Vaj. Since we have a 
highest weight module with graph Ai ^ — amin by 1)6.111) . we must also have this in Vaj. 
It is straightforward to verify that — amin is the only primitive weight of Va^ with non- 
zero 1-cohomology and is not a primitive weight of Va^ . Thus in the dual Kac module 
V^* = V2pi_(Ai)fl, we have A^ ^ (— amin)* (so M2 is a submodule of V^^* ) and {—a^i^)* is 
the only primitive weight with non-zero 1-cohomology while is not a primitive weight. 
Thus H^{g, V^JM2) = 0. From the exact sequence ^ M2 ^ 14* ^ ^ 0, we 

obtain 

= H'{g, V:jM2) ^ H\g, M2) ^ H\g, = 0. 
Thus we have the lemma. □ 

6.3. Computation of second cohomology groups. With the technical prepara- 
tions in the last subsection, we can now compute the second cohomology groups with 
coefficients in the finite dimensional irreducible modules. 

Suppose H'^{g, L^) ^ 0. Then 7^ 0. Let ip e Z^{g, L^Y° . As before, we can assume 

(/jjgssxg = and v^lpixg is a 1-cocycle. (6.15) 
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6.3.1. The case with /aV^(e/3,e^) = for /3,7 G A^'" and ipi^e^.e^) ^ for some 
/3,7 G A|. Then ^9(6/3, e^) G lI^"**"™ . This means that iibottom = 2amax or 1]^^'^ (in 
the latter case n > 2). We obtain (cf. fIT, Proposition 3.5]) 

H = fi^^ ^\ or fi = fi^^ with n >2. (6.16) 



As in (jOI), we have H'^{q,L^) = C02,i. 

6.3.2. The case with Ca^p^fp, f^) = for /3,7 G A^'" and '^{f/3,f-y) 7^ for some 
/3,7 G . In this case, 

/X = -2a^in = (/if^^V, or /X = r/^^) = (;x^"-^))* with n > 2. (6.17) 

and so we have H^{q, L^) = C. 

6.3.3. The case with fi = fi'^"'^^^ or its dual /i = — ctmin. It suffices to consider the case 
/i = — amin- First suppose n = 1. Then = and Vq has two composition factors 
and Lq = C. Since H^{g, Lq) = H'^{g, Vq) = 0, from — > — > 0, we have 

= H\g, Lo) ^ H\q, L^) ^ H\q, V,) = 0, 

Thus we obtain H'^{q, L^) = 0. So suppose n > 2. Then by (j6.4j) and (j6.9p . we obtain 

dim/72(g,L^) = dimH\g,VAjL^) < dim H\q, Mifi^''-^^ A""'^))- 

We claim that //""^(g, M(/i*^"'~^^ ^ /i^"^'')) = 0. Otherwise, there exists a non-split 
extension of M(/i("-2) /ij*"^^): 

^ M(/i("-2) ^ /ij'-^')) ^ 1? ^ C ^ 0, 
i.e., we have an indecomposable module with graph 

^ ^(«-2) ^ ^("-3) or ^ fx'^l'-''^ ^ 0. (6.18) 

Since H^{g,L (n-3)) = 0, the second case cannot occur. For the ffist case, we obtain 
that the lowest 0o-highest weight vector f a G L (n-3) is of weight 

A = -ifi^r'Y = (0, -1, -1, -n I m, 1, 1, 0) 

(which is lower than the lowest 0o-highest weight of L^{„~2) ) and can be generated by a 
primitive vector vq of weight such that vx G U{q^i)vq. But —A cannot be written as 
a sum of distinct positive odd roots. This is a contradiction. Thus we have the claim. 
So we obtain 

dimij2(0, L^) = if = /i^''"^) or - amm- 

6.3.4. The case with /i = jj,^^^ with j < n — 2 {thus n>2). From ()6.4|) we obtain 



dimif2(g^/^ ) = dimi^i(g, Va ,^JL 



. (j) / M 

< dimi7i(g,Mi) + dim/7i(0,^2), 

where Mi , M2 are as in Lemma 16.121 By Lemma 16.121 the far right hand side of the 
above inequality vanishes. Thus 

dimH\Q,L^U)) = 0. 

Before considering the next case with /i = we first assume that /i is not any of 
the weights considered the earlier cases. Then H^{g, V^) = H'^{q, V^) = by Theorems 
13.11 and l4.ll Suppose H'^{g,L^) 7^ 0. In (|6.15p . we can further suppose (p{pi,g) = 0. 
We shall further suppose that (p{ea,f(3) 7^ for some a,j3 (otherwise it is already 
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considered above). Thus must contain a go-submodule isomorphic to an irreducible 
00-submodule of g+i Ag_i, i.e., contain a go-highest weight which is one of the following 

(1,0,...,0,-1|0,...,0), (0,...,0|1,0,...,0,-1), (1,0,...,0,-1|1,0,...,0,-1),0. (6.19) 
Thus 

/X minus a weight in is a sum of distinct positive odd roots. (6.20) 

Since i7^(g,L^) ^ 0, there exists the exact sequence 

^ Vi 1/2 C 0. (6.21) 

This implies that Vi has graph fi ^ r for some r, and V2 has graph r ^ 0. Thus 

r = -amin, < £ < n- 1 and /x G P(r) U P''(r). (6.22) 

Therefore /i is a weight in ()6.5j) - ()6.7|l . 

First we give the duals of some useful weights: 

/i? = 1 (£+1) 6.23 
I if < £ < n - 3, 

and (/iL""'^)* = r7(2) (this weight has been considered in ()6.16|) ). and 

... f /i'^-'^ — Omin if £ = n — 1, 7 < — 3, 

I if 0<£<n-2, 0<j<£-l, (£,j)^(n-2,n-3), 

and 

(^(n-l) + ;,(2,n-2))* ^ (g, 0, -2, -2 | 2, 2, 0, 0), 

(these two weights do not meet ()6.2()j) ). 
6.3.5. The case with ji = jjL-^ . 

Lemma 6.13. // /i = ^if, 0<i<n-2, then dimH'^{g, L,,) = 1. 

Proof. By ()6.5|) and (j6.6|) . we see that jj^^^ is the only primitive weight of V (e) with 

non-zero 1-cohomology. In V (i) , we have fi^P >— > /i^^^ since by (16.1411 and by Remark 

16.21 we see that a highest weight module with graph /i^^^ exists (thus in V (i) , it 

must be so). By considering the dual Kac module (V"^(«))*, it is straightforward to see 
that dimH^g, {Vu)Y/L\,,) = 1. Thus dimH\Q,L<l) = dimH\Q,L\,,) = 1. □ 
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6.3.6. The case with /i = /x^ + /^(^/-i)^ 1 < £ < n - 3. 

Lemma 6.14. If ii = /i^ + /i^^.^-i), 1 < £ < n - 3, then H^{g, L^) = 0. 

Proof. First we prove that there is a subgraph of -P(/i), 



i 

^ Ai ^ ^ A2 ^ 

/i^'"'^ i -«min, (6.26) 

< ^ ' ' 



where Ai = yU*^^^ + A2 = /i*'^-' — «min5 and where if £ = 1, the part ^(^-2) ^^1*3^ jg 

missing. 

We assume that £ > 2 as the case i = 1 can be regarded as a special case (cf. the 
proof of Lemma f6. lip . We observe the following Facts: 

Fact 0': One can check that all weights in ()6.26|1 are primitive weights of -P(/i) and 
all primitive weights of -P(/u) with non-zero 1-cohomology appear in ()6.26j) . 

Fact 1': yU*^^^ Ai: Since /i*^^-* is not a strongly primitive weight (as in Fact 2 
of Lemma 16.1111 . /i^^^ y-^ A for some A e P{fi) n P^(/i(^)) by Remark O By usmg 
()6.5p . one can check that -P(/i) H P'^(fi^^^) = {Ai}. (From what to be discussed below, 
we can see that we must have /i*-^-* Ai, since if fx^^^ >— > u Ai for some u, then 
u e P+ifi'-^'') n P(Ai) n P(/i), but there is no such u.) 

Fact 2': We do not have Ai >— h> 0: Otherwise, Ai is a strongly primitive weight 
(corresponding to an unlinked code), thus U{\i) is a quotient of Vx^. From the dual 
Kac module V^* , one can see (using the same arguments as that given in the paragraph 
after ()5.30|) ) that in Va^, we have Ai ji^^^ 0, and so we must also have this in 
U{Xi). This contradicts the fact that ji^^^ Ai. 

Fact 3': /i^^) ^ 0: First we have jj,^^^ (as the proof before ()5.3H) ). Then 
consider U{jj,^^^) /U{\i) which is now a quotient of V^(i) (since there is no primitive 
weight in f/(/i(^))/f/(Ai) with level higher than that of fi^^^ by Fact 1'), we see that 
/i(^) ^ (since in V^^e) we have this). 

Fact 4': ^ jj,^^^'^^: This follows from the same arguments in Fact 2 of Lemma 

Em 

Fact 5': Ai fi^^ We must have Ai /i*-^ otherwise by Fact 1', we would 
have G P(?7(/iW)/?7(Ai)) C P(/i(^'), but P(/iW) does not contain /x^^-^) by (IH3|l . 

If not Ai ^ /i*-^"^-*, then Ai >^ A ^ /i^^^^^ for some A of P(/i) fl P(Ai) (since Ai 

is strongly primitive). By Lemma 16.81 (if A ^ /i^^"^^) or Lemma l6.9r i) and (2) (if 
A ^ /i*^^~^^), we see that such A does not exist. 

Fact 6': As in the proof of ()6.1()j) . we do not have yU*^^^^^ ^-h^ — amin, but 
>— > — ttmin is valid. Consider the highest weight module U{fi^^^)/U{Xi), we have 
the part /i^^^ ^ ^ — amin of the graph, and by ()6.10|) . we must also have the part 

^ ^ -amin. 

Fact 7': We have proved ()6.26j) except the part fi ^ But this must be valid. 
Otherwise, there is another primitive weight A with A ^ thus we cannot have 

A >— > /i'-^-* since Ai is the only weight of higher level linked to fi^^^ (Fact 1'). We cannot 
have A >— > /i'-^^ either, since by Lemmas 16.81 and 16. 9^ there is no other weight of lower 
level linked to fi^^\ Thus we have proved (j6.26|l . 
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Now consider the dual Kac module V*. By Lemma f6. 61 we have 
dimi72(g, = dimH\g, L*) = dimH^Q, 
< dimi7i(0,M(/i(^-2) >-> A*)) 

+ dimH^{g,M{0 ^ /i^)) + dimffi(0, M((-a^i„)* ^ A^)) 
= 0, 

where the last equality follows from the same arguments in the proof of Lemma I6.121 

□ 

6.3.7. The case with = /x^^) + /i^^'^), o<j<^-2<n-3. 

Lemma 6.15. If fi = /i^^) + /i^^J), 0<j <i-2<n-3, then dim H^{Q,Lf,) = 1. 

Proof. We prove by induction on i + j. We shall suppose j > 1 and i < n — 2 since 
the case j = or i = n — 1 will become a special case in the following discussion. We 
need to prove the existence of the following subgraphs of -P(/i), 

A3 ^ — amin <— < ^ jJ,^^^ <— < ^ 

(6.27) 

Ai^/i(^--i), \2^fi^'-'\ 

where Ai = /i^ + A2 = /x^^-^) A3 = /x^'^-amin and A4 = /x^^^^) 

To do this, we need to observe the following facts: 

Fact 0": All weights appeared in the graphs are primitive weights of and all 
primitive weights with non-zero 1-cohomology appear in the above graphs. 

Fact 1": (a) Since n^^^ cannot be strongly primitive, we have /i^^-* ^-h- Ai as in Fact 
1' of Lemma EH and P{fi) n P^(/i(^)) = {Ai,;U,/iW }. (b) By considering the highest 
weight modules U{\i) and U{fi^^^) /U{\i), we see that every primitive weight derived 
from is in P(/iW) U P(Ai). 

Fact 2": We have /i^^^ — amin as in the proof of Fact 3 and Fact 6' of 

previous lemmas. Thus we must have /i*^^) ^ Q^y^ ~^ c^min- 

Fact 3": Similar to Fact l"(a), we have /i^^^ y-^ A2 since P{fi) D P'^{n^^'>) = 

{A2,/i,/i(^)}. 

Fact 4": (a) We have yU ^ yU*-^^. Otherwise suppose fi y-^ v ^ then by Fact 
1", p e P(/i)nP+(/iW). Take 

A = + + ^{3J-1) + . . . + ^(i+l,0)_ 

One can check that ^ and /i^^-* are strongly primitive weight of P(A), and /i >— h> /i^^^ 
in P(A). In fact in Va, the go-highest weight for each of them is unique, and one can 
easily construct the corresponding go-highest weight vector of L^w from that of 
(cf. arguments in the paragraph of ()5.31|) ). Define a homomorphism cf) from — > Va 
by sending to the corresponding primitive vector in Va. Note that any element of 
P^{lJi'^^'>) is either a strongly primitive weight in P(A) or not a primitive weight in P(A). 
Thus in P(A) we do not have v >— > /i^^-*. So in P(/i) we do not have this either. Thus 

(b) We have /i >-^ Otherwise, there exists some v E P+{fi^^^) such that 

/i ; — u ^ fi'-^). Note that none of the elements of P+(yu(^))\{/i(^)} is a primitive 
weight of P(A) (thus the homomorphism defined in (a) maps a primitive vector Vi, 
in Vfj, of weight u to zero). The map sends a primitive vector vx^ in V^ of weight A2 
to the corresponding primitive vector of the same weight A2 in Va.. This can be 
seen from the following arguments: Note that A2 is a strongly primitive weight in P(A) 
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such that its primitive vector can be constructed from that of yU in Va. This is because 
A2 is 2 levels lower than /i, and in V\ the atypical roots of A corresponding to fi (i.e., 
atypical roots corresponding to non-zero columns of the code for A which defines fi, 
cf. [^E]) are all disconnected from (in sense of \2^) or not c- related to (cf. Definition 
IA.2|) the other 2 atypical roots corresponding to A2. Therefore, by Fact 3", must map 
a primitive vector v^u) in of weight fi^^^ to a primitive vector t>|^(j) in Va which can 

generate v'^^. In particular, 0(f^o)) 7^ 0. But u ^ fx^^^ means that 4>{v^u)) is generated 
by 0(fjy) = 0. This contradiction shows that we cannot have yU >^ v ^ 

Fact 5": We have A2 >— ^ A4, since both are strongly primitive weights and A4 is two 
levels lower than A2, one can construct Vx^ from Vx2- 

Fact 6": Applying Facts 5", l"(a) and 4"(a) to the case i — 1 shows that 
A2 ^ yU*-^^^-* A4. Similarly, Ai A4, from this and Facts 3" and 4"(b), we have 
Ai This proves ()6.27p . 

Now in the dual Kac module Va^, take quotient Va^/L^ and denote Pi = 
M(0 ^ /iW)), P2 = V)' ^3 = M(yuO-i) ^ XI)), P4 = M(/i(^-i) ^ a;)), P5 = 
M((-a^i„)* ^ A^)), from H\g,L^) = H\q,VaJL^), by Lemmas EH and EH we 
obtain 

1 = dimi7^(0,P2) < dimH^g,L^) < j^dimH^g^P,) = 1, 

1=1 

where the last equality follows from the same arguments in the proof of Lemma 16.121 

□ 

6.3.8. The remaining case. For a weight /i, we denote by /C(yu) and C{fi) the multi- 
phcities of 0o-highest weight 2Q;max in and in respectively. We need to compute 
/C(/i) and C{fi) for some weights /x. To do this, we use a composite Young Diagram 
to denote a weight, e.g., if A = (A^ | — A^) = (4, 2, 2, 1, 1 1 — 1, —1, —3, —5), then the 
composite Young Diagram of A is 

(a2)* = ri 



id = 

In general, for a weight A = (A^ | — A^) = (Ai,...,Am| — Aj^,...,— A^i) (in the rest of 
this section, we use this notation to denote a weight which is a little different from 
(j2.2j) ). all Aj > 0, we place the Young Diagram of A^ on the right side which consists of 
boxes in m rows such that the i-th row has Aj's boxes for i = 1, m, and we place the 
opposite Young Diagram (A^)* on the top which consists of boxes in n columns such 
that the z/-th column has A,>'s boxes for z/ = 1, ...,n. 

Since Vf^ is completely reducible as a go-niodule, we have 

;C(A) = dimHom0„(LS_, t/(0_i) ® Lf ) = dimHomg„(f/(0+i) ® ) 

= the multiplicity of go-highest weight A in U{g^i) hf^^^^. 

Note that a go-highest weight A of [/(g+i) ® -^2Qmax '^^^ always be obtained as the sum 
of a go-highest weight /i of U{g+i) and a weight v of L^^^^^ under the following rule: 
Since a weight u of has the form 

i/ = (0,..., 0,1,0, ...,o,i,o, ...,o 1 0,..., -1,0,. ..,0,-1,0, ...,o) 
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(where if i = j the i-th coordinate becomes 2 and if p = q the p-th coordinate becomes 
—2), when adding z/ to /i, we require that yUj 7^ fij and fip 7^ fig and that the resuhing 
weight fi + u he dominant. This amounts to adding 2 boxes to the Young Diagram fi^ 
such that they are not placed in the same column, and adding 2 boxes to the opposite 
Young Diagram (/x^)* such that they are not placed in the same row. Equivalently, fi 
is obtained from A by removing 2 boxes of from different columns and removing 2 
boxes of (A^)* from different rows. 

Since we only need to calculate /C(A) for A being a go-highest weight of ?7(g+i), A 
(and also /i) must has the form ()5.1U|) satisfying ()5.12|) . thus we can only remove 2 
boxes from different rows and different columns of A^ (and removing the corresponding 
boxes from (A^)* ). Thus for A of the form (|5.1(J|) satisfying (|5.12p . 

/C(A) = the number of ways to remove 2 boxes of A^ from 
different rows and different columns such that 
the remaining Young Diagram is still standard. (6.28) 

From this, it is straightforward to compute 

r if £ = 0, 

Note from ()6.7|) that the only possible primitive weights A of /i*-^-* with C{X) 7^ are 
the first 3 weights in (j6.7p . This and (j6.29|) already provide sufficient information to 
obtain by induction on £, 

C{fif) = 1, C{fi^'^) = C{i2^1^) = 0. (6.30) 
Similarly, we can compute 

'0 if J = £ - 1 = 0, 
,^ 1 if 1 < ? = £ - 1 < n - 2. 

^ ^ M if J = 0, 2 < £ < n - 1, 
6 ifl<j<^-2<r2-3. 

Lemma 6.16. Let ji = /i^^^ + fj.^'^'^\ 0<j<£ — 2<n — 3, we have C{fi) = 1. 

Proof. By (I6.27p . we have a module V with graph fi^^^ y-^ /i. Let v'^^^^ be the go-highest 
weight vector of weight a^ax in L^a) (cf. Remark EZj), and let be the highest weight 
vector in L^. Then we must have = Ylaer ^""^omax some subset F C A^. If 
£(/i) = 0, then e^^^^^^v'^^^^ = 0, so Omax ^ T- Thus F is a unique subset such that 
/i = X]aeru{amax} ^ (iiote that the way of writing /i as a sum of distinct positive 
odd roots is unique by observing from ()2.3|) that each fx^^'^^ corresponds to a unique 
subset Sij of such that /i*^*'-'-' = J2aeSij '^)- Then we obtain a non-zero vector 
^liW = Ha&T' ^a^amax ^ ^' where F' = {ai^n-e, ai,n-i, a2,n, ...,am-n+e+i,h}, that is a 
go-highest weight vector of weight The weight fx^^^ cannot be a go-highest weight of 
L^u) since its level is higher than that of fx^^^ (as i > j), it cannot be a go-highest weight 
of Lfj_ either since does not contain a go-highest weight n^^^ (it is straightforward to 
see that in the Kac module V^, there is up to scalars a unique go-highest weight vector 
of weight which is in L^(i)). This is a contradiction against the fact that V has 
graph fx^^^ ^ fx. □ 
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Lemma 6.17. Let 

^ = i^i^M + . . . + ^e^Jfe), n-l>ji>j2> ... > 3k > 0. (6.31) 

Then for any A G P{^j), = ^ if o-nd only if 

X = fx^i\ o<i<ri-l, 0<j<£-2<n-3. (6.32) 

Proof. Case (1): First suppose jp > jp+i + 3 for p = 1,...,A; — 1 and jk > 1. It is 
straightforward to calculate 

/C(/i) = (2fc - 1) + (2A; - 2) + ■ ■ ■ + 1 = k{2k - 1). (6.33) 

We can check that the following k{2k — 1) weights are primitive weights of V^, 

/i^^*"-^) /i^-^''-^) + l<p,q<k, p<q, (6.34) 

which have non-zero multiplicities of go-highest weight 2ainax by Lemma 16.161 and 

Case 2: Suppose there are t number of jVs such that ji = jj+i + 2, say the indices 
are ri,...,rf. Then we still have (j6.33p . However, the t weights /i^-?''?"^) + fj,^'^'^''p+'^\ 
p = 1, t, in the list (j6.34p are no longer primitive, but on the other hand, we have t 

(jr —2) 

other primitive weights /i.,.'^'' , p = 1, ...,t, which should be added to the list. 

Case 3: Suppose further there are t' number of jVs such that ji = jj+i + 1, 
say the indices are r[,...,r[,. Then when using (I6.28j) to compute /C(/i), the re- 
movals from rows or columns in n^'^'"'''''p\ p = l,...,t', should not be counted. Thus 
/C(/i) = {k—t'){2{k—t') — l). Similarly, all weights in ()6.34|) with indices , p = 1, , 
should be removed from the list, thus the total number is still JC{n). 

Case 4- Suppose jk = 0. Then /C(/i) = Ylfti"^ ^ = {k — l){2k — 1). In this case, 
there are l + 2{k- 1) weights n^^^^ + /i^^'^'^"^), /i^^f^^^ + /i^^.ifc-i) in (01]) which 

should not in the hst, the total number is again /C(/i). □ 

Now we prove the main result on the second cohomology groups with coefficients in 
finite dimensional irreducible modules. 

Theorem 6.18. Let he the finite- dimensional irreducible Q-module with highest 
weight /i. Then dimif^(0,L^) < 1. Furthermore, H'^{q,L^) ^ if and only if ii is one 
of the following weights 

fif, -2a^i„ ^('), (6.35) 

where < i < n — 1, 1 < j < n — 1, 0<p<q — 2<n — 3, and in the case n = 1, 
rj^'^'^ will not appear. The total number of weights in ()6'. 3^ is ("+^H"-+2) _ 

Proof. Let /z be a weight in ()6.5p - ()6.7|) (recall the statement after ()6.22|) that in order 
for an irreducible module to have non-trivial second cohomology, its highest weight 
must be in (I6.5|) - ()6.7|l ). but we assume that /i is not a weight in ()6.35|1 . nor a weight 
already considered in the previous cases. Being a weight in ()6.5|l - ()6.7j) . yU is a primitive 
weight in the Kac module with a highest weight of the form (j6.3ip . thus C{fi) = 0. 
Furthermore, has the form 

^=Y: + e,a - ^2amin, (6.36) 

i=l 



COHOMOLOGY OF LIE SUPERALGEBRAS 



33 



where 61,62 G {0, 1} such that at most one of 61, 62 is non-zero (cf. the statement after 
(j6.5p ). and a is some atypical root. Moreover k >2, and A; > 3 if 6*1 = 6*2 = 0. 

We shall show that has trivial second cohomology by contradiction. In order for 
Ln to have non-zero second cohomology, we either have for j < n — 1, or 

— ctmin ^ We only need to consider the former case, as the latter case is the dual 
situation for j = n — 1. 

Assume Then we have the following module: V := M{ji^^^ fi). By 

(jO^ . /i e P^(;u U P(/i(^'^). Since at least one coordinate of /i^^^ - /i is < 0, we 
have /X G P^(/i(^)). So j < ji and 6^2 = by dHUl). Suppose t;^ = H/Jer ^/^^Lax 
for some subset V C /S.^ such that Omax ^ T, where f^, f^^^^ are as in Lemma [6.161 
This means that /i = X]/3gru{«max} is a sum of distinct positive odd roots. In this 
case, r must contain a subset V such that A := /i^-'^^ + /i^^'-'^) = X]/3er'u{aniax} ^' ^^"^ 
= ri/jer' ^/3'^amax 7^ is a go-highest weight vector of weight A in V . However, the 
weight A cannot be a go-highest weight of L^a) (since yu'^-'^ — A has negative coordinates) 
or (since the Kac module has up to scalars a unique go-highest weight vector 
of weight A which appears in the composition factor Lx of V^), thus a contradiction 
results. 

Therefore, there does not exist any weight v with non-zero 1-cohomology such that 
1/ yu. This in turn implies that H^{g, L^) =0. □ 

Remark 6.19. The dual weight fi* of any weight fi in i\6. ^5^ is given by equations 
{ 6.171 , i\6. - ()6'. 2^ . From these equations we can see that fi* also belongs to the list 

Remark 6.20. Suppose ^ is a weight such that all the central elements of U{q) con- 
tained in gf/(g) act trivially on L^. Then as in Remark \5.7[ by Theorem one 
can prove that H^{q, L^) 7^ z/ and only if contains a copy of irreducible Q^-module 
L2a^^^, L_2a^i,^, L^(i) or L^(2) , that is, contains a copy of irreducible Qo-submodule 
0/0+1 A g+i or g_i A g_i. 



7. Cohomology groups with coefficients in enveloping algebra 

We continue to denote the special linear superalgebra 3lm\n by g. The aim of this 
section is to prove the following 

Theorem 7.1. Regarding the universal enveloping algebra U{q) as a g-module under 
the adjoint action, we have H^{q, U{q)) 7^ 0, and H'^{g, U{g)) = 0. 

The fact that H^{q, U{g)) 7^ follows from Corollarv 13.21 Also, in the case n = 1, it 
has been proved in jTTj that H'^{g, U{g)) = 0. 

To prove the remaining part of the theorem, we need some preparations. Re- 
call that f/(g), regarded as a g-module, is canonically isomorphic to the super- 
symmetric algebra S{g) (see [IHl)- Also, S{g) is a direct summand in the g-module 
S{gl{m\n)). If we let C™''"' denote the natural g[(m|n)-module, and C"!"" its dual, then 
g[(m|n) = C™l" C™l". Here g[(m|n) acts on C"!" ® C'^l'^ as the diagonal subalge- 
bra of gl{m\n) x gl(m\n), where the latter superalgebra acts on C"^'" C™'" in the 
obvious way. The gl{m\n) x gl(m\n) action extends uniquely to S'(C"^'"' C™'"). Now 
^^(j-^r?i|n (^m|n-j -g jgomorphic to the subalgebra |18,5 Definition 3.3] of regular functions 
on the general linear supergroup. A Peter- Weyl type theorem jl8t Proposition 3.1] 
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states that as a Ql{m\n) x 0[(m|n)-module, 

5(C'"I"®C'"I") = 0LA®i:*, (7.1) 

A 

where A runs over all weights A = (Ai, A^ | A^, A^) such that 

Ai > A2 > ... > A„ > 0, Ai > A2 > ... > A^ > 0, A™ > #{z/ G I2IA, ^0} (7.2) 

(thus in this section, A will not satisfy the condition in ()2.2|l ). 

Consider the action of the diagonal 0[(m|n) subalgebra of Ql{m\n) x gi[m\n) on 
g(^£^rn\n ^ cm-l")^ and rcstrict it to an g-action. Then S{q) regarded as a g-module 
under the adjoint action can be embedded direct summand in S'(C""I" (g) C""!"). 

The proof of the theorem thus shifts its focus to the g-submodules Lx ® L*^ of 
S'(C™''"' ® C"^'"). We divide the proof into a series of technical lemmas. 

Lemma 7.2. If V = ® W , where fi is an integral dominant weight and W is any 
finite- dimensional Q-module, then there exists a filtration {called a Kac flag) 

= K) C ^1 C ■ ■ • C Vfc = (7.3) 

such that Vi/Vi^i is a Kac module for i = I, k {we call such a Kac module a factor 
Kac module ofV). 

Proof. Let 0>o = 0o + 0+1; and denote by lIT"* the irreducible 0>o-module with highest 
weight /X. Then V = {U{g) ®u(s,>o) 4°^) ®W = U{g) ®u{s,>o) (4°^ ® where 
L^^^ ® W is regarded as a 0>o-module with the obvious action. Since the induction 
functor U{g) <S)u(8g>o) — is exact, by applying it to any composition series of the finite 
dimensional g>o-module (g) W, we produce a Kac flag for V. □ 

Lemma 7.3. H'^{q,Lx L*^) = if X satisfying l\7.^j is typical {i.e., (A + p, a) 7^ 
for all a G A;,^). 

Proof. If A is typical then L\ = Vx* is a Kac module (in this case A* = 2pi — A^), thus 
we can use Lemma f7.2[ Note that the highest weight vector of each factor Kac module 
of Lx ® L*x has level < £(A) + i{X*) = i{2pi). Thus H^{Q,Vi/Vi.i) = by Theorem 
14.11 Then from the short exact sequence — > Vi ^/^-i 0, by (j2.1H) . we 

obtain H'^{q, V^) = by induction on i. □ 

Lemma 7.4. H'^{q^Lx ® L*^) = if X satisfying l \7.^ is atypical. 

Proof. Recall that the (i, z/)-entry A{X)i^ of the atypicality matrix A{X) of A is 

(cf. (EU) 

A{^)i,u = {^ + P, (^i,u) = Aj + A,> + m — i + 1 — z/ for i = 1, m, i/ = 1, n, (7.4) 

(the smallest element is A{X)m,h = Am + A/i + 1 — n), from this we see that A is atypical 
only if Am < n (cf. (j7.2|) ). One observes that the northeast chains NEx of A (cf. [H], 
see also Examples IA.4I and IA.5|) satisfy 

(m,n) G NEx, 

{i,j) G NEx =^ {k,i) G NEx if k > i and i> j. (7.5) 
We have the short exact sequence 

^ ® L* ^ ® L* ^ {V^jLx) ® ^ 0. 
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Since C is a submodule of Lx ® L\ (also of Va;, ® L*^), we also have another short exact 
sequence 

^ (L, ® Ll)/C ^ (Va, ® Ll)/C 1^ (VaJLx) ^Ll^O. 



Thus by (ETTjl . 



H\g,{V^^0Ll)/C) i H\Q,iV^jL,)0Ll) 



(7.6) 



Note from Lemma EHl that H^{q, (Va^^LD/C) = H^{q, Va^ ® L^) = 0, where the last 
equality follows from the proof of Lemma f7. 31 (note that in this case A* = 2pi — (A^)*^ 
since —A* is the lowest weight of Va;^). Thus 

H\q, La ® LI) = H\q, (La ® L*)/C) ^ H\q, (VaJL^) ® Ll)/lm{f). (7.7) 

Claim 1. dimH\g, {VkJLx) ® LI) = 1. 

To prove this claim, we first examine the short exact sequence 

^ (VaJLx) ® L* ^ {VaJLx) ® Va,, ^ (VaJLx) ® (Va,./LaO ^ 0, 
which leads to the exact sequence 
H'{e,iVAjLx)^iVA,jLx*))^H\g,iVAjLx)®Ll)^H\Q,{VAjLx)^VA,,). (7.8) 

Subclaim a) dimLri(0, (Va,/La) ® 14^,) < 1. 

To prove this subclaim, by Lemma f7. 21 and Theorem 13.11 it suffices to prove that 

V2pi is not a factor Kac module of ly = (Va^/Lx) ® Va^», (7.9) 
^2pi+aniax is a factor Kac module of W with multiplicity < 1. (7.10) 

Since W = U{q_i){{Va;,/ Lx) ® -^a^J, suppose W2pi G (Va;,/La) ® L^^^^ is a primitive 
vector of weight 2pi, then W2pi is a combination of the form 

ueVAjLx,veLf^^, (7.11) 

and u is in some go-highest weight submodule L^^ of Va^/ Lx (for some weight 77 such 
that 2pi = rj' + Ax*, where rj' is a weight in L^^) and the level of 77 is 

£(r7)=£(2pi)-£(AA.). (7.12) 

Note that with restriction to go, we have (2pi)|go = 0, thus the fact 2pi = rj' + Ax* 
means that 

where we use A° to denote the dual of a weight A with respect to go (i-e., in fact 
A°|g„ = — A'^lgg). But we have 

(AA.|go)° = -i^x')\o = -(2pi - A)|g„ = A|g„. (7.14) 
Equations ^J^-^J^ imply that 77 = A. Recall that (cf. lEM) 

Ax = X+ E (7.15) 

By fl7.5|l . we see that when writing Aa — A as a sum of distinct positive odd roots, there 
is only one way. This shows that in Va;,, there is only one copy of go-highest weight 
A which occurs in La. This contradicts that 77 = A is a go-highest weight of Va^/Lx- 
This proves (j7.9|l . 
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Next suppose tt'2pi+amax = ® f (as in ()7.11|) ) is a primitive vector of weight 
2pi + ctmax- As discussion above, now rj must be A + a for some positive odd roots 
o = cti,u- Suppose ai^i, ^ NEx. Then we must have some position of the i-th row and 
some position of the i>-th column in NEx (say if none of positions of the i-th row is 
in NEx, then the i-th coordinate of A + ai^i, is bigger than that of by ()7.15|) . a 
contradiction). Say {i, ui), {ii, v) G NEx, then by ()7.5|) . we have 

Aa - (A + ai,^,) = Yl "fei + "n,!>i) 

{k,e)eNEx\{iii,iy),{i,iyi)} 

(where ai^^j>^ appears twice), which cannot be written as a sum of distinct positive odd 
roots. Thus we must have ai^i, G NEx- Note from (j7.4p and (j7.5p that all atypical 
roots of A are c-related in sense of 1211 (cf. Definition IA.2|) or connected in sense of j^ . 
A + ai^u is dominant only if {i, z/) is located at the rightmost and the topmost position 
of NEx, such position is unique by ()7.5|) . This proves ()7.10|) and Subclaim a). 

Subclaim b) H%Q, {VaJLx) ® {Va^JLx*)) = 0. 

We have 

H\g, (VaJLx) ® {Va^JLx^)) = {{VaJLx) ® {Va,JLx*)Y 

= Hom0(C,(VA,/L,)®(VA,./L,O) 

= Y{om^{{VA,jLx*r, VaJLx) = mm,{Mx,VAj Lx), 

where Mx is the maximal proper submodule of Vx (note that (Va^.)* = Vx since the 
lowest weight of Va^, is (Aa* — 2pi)^ = —A). Suppose /i is a primitive weight of Mx, 
then /i = A — ^^g^ a, where S is some subset of such that at least one atypical root 
7 of A is in S, and all roots in S are < 7 (see [6 ; this fact can also be proved by j2Sl 
Conjecture 4.1] and [T, Main Theorem]). By (j7.15|) . we have A^ — /i = '^a^suNEx ^^ 
From the property (j7.5|) of NEx and the fact that 7 G SnNEx, one can easily see that 
"^aGSuNEx ^ cannot be written as a distinct sum of positive odd roots. This means 
that jU is not a primitive weight of Va^, that is, Mx and Va;^ do not have a common 
primitive weight, which implies that Homg(MA, Va^/Lx) = 0. 

Subclaim c) dimif^(fl, (yAx/Lx)®Ll) > 1 (this together with (j7.8p and Subclaims 
a) and b) proves Claim 1). 

Note that the top 0o-highest weight submodule of Va^/Lx is 0o-dual of L^^] . There 
exists a 0o-highest weight vector 

'V2pi = vax ® w + ■ ■ ■ (w is the lowest weight vector of Lf}) 

of weight 2pi. This vector must be strongly primitive since there is no vector with level 
higher than that of 2pi. Let W = U{g)w2p^- Take 

V= n fa,,,V2pi = { n fa,,,VA,)^W + ---. (7.16) 

i>l,v<n i>l,u<n 

Note that in Va;^, the primitive vector vx of Lx has the form 

= n fa'^A^ H • 

aeNEx 

By (|7.5p . we see that NEx t- {(^? y)\i> ^, v <n\, thus 

n U^,i.VAx 7^ (as a vector in Va;,/La). 

i>l, u<n 
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Thus the first term of ()7.16p is non-zero, clearly this term cannot be cancelled by any 
other terms in (j7.16j) . i.e., f 7^ 0. 

Note that W is a. quotient module of the Kac module V2pi , and in V2pi the primitive 
vector of weight /i^""^) = (n, | — 1,...,— 1,— m) is precisely defined by (|7.16|) 
(cf. j211 Theorem 6.6]). Thus f is a primitive vector of weight We claim that 

U{q)v is an irreducible submodule L^(n-i) of W: First W does not contain a trivial 
submodule since (Va^/Lx) ® L*^ does not contain a trivial submodule as the proof of 
Subclaim b), and in V2pi, is the only primitive weight links to primitive weight 

since yU^""^^ is the only primitive weight of V2p-^ with non-zero 1-cohomology. Thus 
U{q)v = L^(„^i) is an irreducible submodule of W (and of (Va^/Lx) ® L*^J, this shows 
that H^{q, (Va^/Lx) ® LI) 7^ by Lemma IHTI This proves Subclaim c) and Claim 1. 

Claim 2. In fTSD, the map is surjective, thus by ^TB, H^{q, Lx ® L*^) = 0. 

Similar to the proof of Subclaim c), (Va^ ® Ll)/C has an irreducible submod- 
ule Vi = L^(n-i) which maps under / to the irreducible submodule V2 = L^(n-i) of 
(VaJLx) ® LI, thus induces the map : H'^{g,Vi) onto H'^{g,V2) by (ITTTD . Hence 
is onto. This proves Lemma f7. 31 □ 

Finally we return to the proof of Theorem 17.11 By 1)7.11) and Lemmas 17.21 and 17.31 

we have 

H\g, f/(0)) = H\q, 5(0)) C H\g, Lx ® L*,) = 0. 

A 

This completes the proof. 



8. COHOMOLOGY GROUPS OF THE LlE SUPERALGEBRA C{n) 

In this last section, we generalize the results of previous sections to the other type I 
classical Lie superalgebra C{n) = osp2|2n-25 which is a Z-graded subalgebra of 3l2\2n-2 
(see for example |22J) such that C(n) = C(n)_i © C(n)o © C(n)+i with 



C(n)_i 
C{nUi 



a 




—a 






/3 7 




S -13'^ 



G Sl 



2|2n-2 



aeC, /?,7,(5e0[„_i, 7^ = 7, S^ = ^ 



' C © SP2„„2, 















V 


-if a 






e 










V 
















e 







2 2n-2 



G Sb|2n-2 



^, 7] are row vectors of dimension n — 1 
^, 7] are row vectors of dimension n — 1 



where the up-index "T" stands for the transpose of a matrix or vector. 
Denote e = ei, (5j = ej+2 i = 1, 2, n — 1. Then we have 

A+ = {6i - 6j, 5, + 5k I l<i, J, /c<n-l, z<j}, A+ = {e ± 5^ 1 1 < j < n - 1}. 

Denote 

hi = Ell — E22 + -E33 — £'n+2,n+2, 

= -£'1+1,1+1 ~ -£'1+2,1+2 ~ En+i,n+i + -£'n+i+l,n+j+l (2 < i < ?T, — 1), 
= -E'n+l,n+l ~ -£'2n,2n, 

which forms a basis of the Cartan subalgebra f). A weight A = Aqc -|- X]r=i^ ^i^i ^ ^* 



38 



YUCAI SU AND R. B. ZHANG 



can be written as 

A = (Ao|Ai, A„„i) = [ai; 02, a„], where = \{hi), 
and tti = Xi-i + Aj (1 < i < — 1), a„ = A„_i. We have 

n-l 
i=l 

and amin = e — <5i, ctmax = e + 5i are respectively the minimal and maximal positive 
odd roots. 



Theorem 8.1. We have 

dim H\C{n),Vx) 

dim H\C{n),Vx) 



dim//'(C(„).L.) = {j jf^,^=-' 

dim H\C{n),Lx) = 



1 if \ = 2pi,2pi + Omax, 

otherwise, 

1 z/ A = 2pi + Omax, 2pi + 2q; 

otherwise, 

1 A = -amin,2pi, 



and 



1 z/ A = 2pi + ctmax, -2a„ 
otherwise. 



H\Cin), UiCin))) ^ and if^(C(n), U(C(n))) = 0. 



U) 
U) 
13) 
U) 

^.5) 



Proof. Note that the Kac module Vx over C{n) is at most singly atypical (for some 
discussions of Kac module over C{n), see for example |22|)- The proofs of (j8.ip and 
(j8.2j) are exactly similar to those of Theorem 13. II and Theorem 14. II for the special case 
s[m|i- 

Suppose H^{C{n), Lx) 7^ 0, then we have A ^ (recall Definition 16.11) . If A has 
level lower than 0, then A ^ is a highest weight module of highest weight and 
thus is the Kac module Vq. In this case A is the only other primitive weight of Vq, i.e., 
A = — Q!mm- If A has level higher than 0, then we have a module A >— > 0, which is now 
the Kac module Vx such that is a primitive weight, thus A = 2pi. Hence, 

H\C{n),Lx)^Q =^ A = -«^in, 2pi, 
from this one immediate obtains (j8.3|) using (|2.11|) . 

Now suppose H'^{C{n), Lx) 7^ 0, then we have A ^ p for some p with H^{C{n), L^). 
Since either A ^ p or A ^ p must be a Kac module, from this we obtain 
A = 2pi + ctmax, — 2a;min- From this one immediate obtains ()8.4|) using 1)2.111) . 

The proof of the first equation of ()8.5|) is again similar as for the case of the special 
linear superalgebra. As for the second equation, note that regarded as a C(n)-module 
under the adjoint action, U{C{n)) does not have any weight with level higher than 
that of 2pi, thus -Z^2pi+amax is not a composition factor of U{C{n)). Similarly, L_2a^^^ 
cannot appear as a composition factor of U{C{n)) either, since the lowest C(n)o-highest 
weight of L_2a„,in is — 2pi— amm, which is not a weight of U{C{n)). Thus no composition 
factors of U{C{n)) has non-zero 2-cohomology, which implies H'^{C{n), U{C{n))) = 0. 

□ 

Appendix A. Atypicality 

We briefly recall the definitions [HI 1211 atypical roots 71, ..,7,,, atypicality matrix 
yl(p), ngc-relationship of atypical roots, and northeast chains NE^, of any weight p. 
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and also illustrate the concepts by some examples. We consider the special linear 
superalgebra q = 5lm\n only. Results presented here are used in Sectional 

Definition A.l. We define the atypicality matrix of /i to be the m x n matrix 
A{n) = iA{n)i^ri)mxn, where 

,j = {fi + p, ,j) =fii + firi + rn — i + rj, 1 < i < m, 1 < rj < n. (A.l) 

An odd root ai^f, is an atypical root of ji if A{fi)i^ri = 0. We label the atypical roots of 
an r-fold atypical dominant integral weight p by 'ji < ... < 7r. 

Definition A. 2. (1) For I < s, t < r, letXst be the entry in A{p) at the intersection of 
the column containing the 7^ zero with the row containing the 7f zero, then Xgt € Z_|_\{0} 
for s < t and Xts = —Xst- Denote hgt the hook length between the zeros corresponding 
to ■jsylt, i-G., the number of steps to go from the 7^ zero via Xst to the •jt zero with the 
zeros themselves included in the count. 

(i) 7s, 7t are normally related (n) <^==^ Xgt > hgt — 1] 

(ii) 7s, 7t are quasi- critically related (q) <^=^ Xst = hgt — 1; 

(iii) 7s, 7t are critically related (c) <^=^ Xst < hst — 1. 

It is straightforward to show that the q-relation is transitive, i.e., if'~fs,'yt are q-related 
andjijlu are q-related, then-^s^lu are q-related. 

(2) The nqc-type {atypicality type) of an r-fold atypical fi is a triangular array 

d\>j' ' ' ' d^y. • • • diy • • • 

dit ■ ■ ■ dst ■ ■ ■ i) 

nqc{fi) = : : . ' 

rfis ■ ■ ■ 6 
6 

where the zeros correspond to {71, ■ ■ ■ ,7r} and dgt = n,q,c <^==^ Is, It are n-, q-, 
c-related respectively. 

Definition A. 3. Denote by D = {{i,rj) \1 < i < m, 1 < rj < n} the set of positions 
of A{p). For 1 < s < r, let (6s, Cs) be the position corresponding to 7s. The east 
chain E^{s) emanating from (&s,Cs) is a sequence of positions in D, whose entry are 
< except the entry of {bs,Cs), starting at (6s, Cs) and extending in an easternly or 
north- easternly direction until it reaches the last column or the position defferent from 
{bs,Cs) whose entry is > 0, or it cannot extend further without leaving A{fi) by passing 
above its first row. For all rj with Cg < f] < n, E^{s) has at most one element in 
the rj-th column; if Cg < rj < n, the row of the position in the {rj + l)-th column is 
rows above the row of the position in the rj-th column, where afi is a Dynkin label 
of fj,; if this is not possible, i.e., if this row would be the M-th row where M < 1, 
or the entry of this position is > 0, then -E^(s) ends in the rj-th column, i.e., has no 
position to the right of the rj-th column. Thus E^{s) is the maximal set of positions 
(6s, Cs) = {io,r]o),{ii,Vi), ■■■,{h,Vk) satisfying 

Vp+i = + 1 < ip+i = ip- arip > 1, A{fi)i^^^^r,p+i < 0, p = 0, 1, k-1. (A.2) 

Similarly, the nouth chain N^{s) emanating from {bg, Cg) is the maximal set of positions 
(6s, Cs) = (io,^?o), (^i,??!), (4,'7fc) satisfying 

ip+i = - 1 > 1, Tjp+i =Vp + «ip+i ^ ^' M^^)ip+i,vp+i > 0' P = 0, 1, k-1. (A.3) 
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Set NE^{s) = N^{s) U E^{s), and NE^ = Ul^-^NE^{s), called the set of northeast 
chains of fi. 

We shall illustrate the northeast chains by giving two examples below. First note 
from Theorem 3.2] or [23;j Conjecture 4.1] that 



A. 



aeNEu 



(A.4) 



Example A.4. fi = (3, 2, 2, 1, 0, | 0, 0, -1, -3, -4) = [1, 0, 1, 1, 0; 0; 0, 1, 2, 1] . 



/ 8 7 5 2 \ 

6 5 3 2 

5 4 2 1 3 

3 2 3 5 

1 2 5 7 

\ 1 3 6 8 y 

12 1 



NE„ 



1 

1 
1 





.1 5 \ 



* * 1 4 1 

T / 

* *^1 1 * 

* 1 3/* * 

/ 

12 1** 

T / 

y 1^1 >(: * * 

12 1 



c q q q 

c q q 

, nqc{iJ,) = c q 

c 




where, we have placed the Dynkin labels ai, ...,am-i to the left of the first column, 
and in between the rows, of A{fi), likewise, a^, ...,an-i are placed below the bottom 
row, and in between the columns, of A{fi); and where the numbered positions in 
NE^ are located in the northeast chains {here and below we identify a matrix po- 
sition {a,b) with the corresponding positive odd root a^j,). The atypical roots are 



7l = «6,i = «min, 72 = "5,2) 73 = «4,3) 74 = «2,4) 75 = "1,5 = «e 



and 



A^ = fx+ J2 a = (5,5,4,3,3,2 1 -2,-3,-5,-6,-6). 



Example A.5. /i = (5, 2, 2, 1, 1, 1 1 - 1, -1, -1, -3, -6) = [3, 0, 1, 0, 0; 0; 0, 0, 2, 3]. 
/98740\ ^/****5\ 



5 4 3 4 

4 3 2 1 5 

2 10 3 7 

10 14 8 

\ 1 2 5 9 y 

2 3 



NE„ 



* 1 2 4 * 

T T 

* 1 2 2 * 

^ ^ f 
12 3/1* 

T T ' / 

1 2-.2/* * 

\ l^l^l * * 

2 3 



, ngc(/x) 



q n n n 

a c q 

c c 

c 




The atypical roots are 71 = a 
A, 



. 72 = "5,2 > 73 = «4,3> 74 = "2,4, 75 



a 



1,5 



Or 



and 



fi+ E a = (6,5,5,5,4,41 -4,-6,-6,-6,-7). 



For a weight /i of the form ()5.5|) . its atypical roots are 

1' 'Jn—k ^m,—n+k+l,h—k) 7fi— ^k,h~k+l) 7fi ^l,h ^max' 



7l ^min 

We denote 
Note that 



P^Ji = {ai,u & \ ^ > fJ'i ~ fJ'm and i < m - fii,}. 



= mn- { ^{f^i - /im) + ^ ^'^)) 



(A.5) 



i=l 



= mn — 2 top + m/im — nfii = mn — 2 top + (m + n)firn- 
From the definition of NE^^, one can easily obtain 



(A.6) 



COHOMOLOGY OF LIE SUPERALGEBRAS 



41 



Lemma A. 6. (1) C NE^j^; (2) = NE^^ <(=^ 71 is c- or q-related to any other 
atypical roots. □ 
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